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Abstract

We present a coherent framework for manipulatingcRér and Study coordinates in both
PG(3, F) andOPG(3, F) with an eye towards their application to stabbing line and
transversal problems in computational geometry. We re-derive Study coordinates as a
means to diagonalize the quadratic form underlying tlielkdr quadric and extend the
traditional definition of the Study representative pair to use oriented points facilitating
their use in modern oriented elliptic geometry and enabling them to distinguish between a
line and its absolute polar. We establish a number of these results using the properties of
arbitrary isotropic quadratic spaces enabling us to generalize earlier results for line-line

and line-polygon stabbing line problemsR&(3, R).
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Chapter 1: Introduction

Everything old is new again.

—Peter Allen

Computational geometry is a fairly young interdisciplinary science concerned with the
design and analysis of geometric algorithms and data structures. In many ways it brings
together some of the oldest areas of mathematics with some of the newest techniques in
computer science.

Geometry itself has managed to all but fall out of the college curriculum over the last 60
years, due to pressures from other areas of mathematics and other disciplines, so there is a
fairly high barrier to entry to the field of computational geometry. Much of the literature
available from when people were first concerned with some of these problems is written in
a style nearly inaccessible to a reader with a modern mathematical background.

One of the tools in common usage in computational geometry is the representation of lines
in three-dimensional space by theitiPker coordinates. Historically tker coordinates

are an oddity. They do not generalize well to higher dimensional spaces, but they have a
number of nice computational properties that make them especially well suited to solving
a wide array of computational problems in three dimensions involving visibility and light
transfer.

There is another line representation of historical and (as we will show) computational



interest, the Study representative pair or Study coordinates for the line, wifectao

number of computational benefits for the same class of problems, but which are generally
not known. Eduard Study’s original text on the subjéxometrie der Dynamen

published in 1903, was not well received at the time. Using oriented projective geometry
allows us to extend the definition of Study coordinates and the Study representative pair to
the case of oriented lines, and we explore the surprising connection of Study coordinates
to the Plicker quadric.

We attempt here to present a rigorous and coherent framework for calculating with both of
these systems of coordinates in a manner accessible to a person without an extensive
background in geometry. In doing so, it becomes necessary to introduce a fairly recent
development, the use of “oriented” projective and elliptic geometry. Oriented geometry is
somewhat less elegant than traditional elliptic geometry. In fact, one of Felix Klein’s
achievements that is most often cited is his development of elliptic geometry, in which the
two points on the opposite sides of a sphere were explicitly identified, precisely to remove
this nagging question of orientation. Yet without orientation, many of these problems
become intractable in a computational setting.

A reader with a solid background in geometry can probably skip over the second and
fourth chapters and refer to them as necessary via the index. The remaining chapters are
incremental in complexity, and each introduces notation and conventions built upon in
later chapters.

After the geometric preliminaries are dispensed with, we construct a consistent framework
for working with the two related systems of coordinates for oriented lines in computational
geometry. Most proofs only rely on a solid grasp of linear algebra. However, some of the
later ones require a bit of background in analysis and a familiarity with quadratic forms.

Finally, there are appendices of historical concerns, notational considerations, and of other



results involving Rlicker or Study coordinates that are either of only cursory interest or
would call for the incorporation of too much additional material to fieaively

presented.



Chapter 2: Tools from Classical Geometry

I must create a system myself or be enslaved by another man’s.

—William Blake

While computational geometry uses projective and elliptic geometry heavily, these topics
have managed to become all but non-existent in the curriculum. We introduce the concepts
of a projective space axiomatically both in order to provide the reader with a basic grasp

of the geometric tools and to establish a consistent vocabulary for use in later chapters.
The choice of terminology and notation follows that of Beutelspacher and Rosertbaum.
This treatment is by no means exhaustive and is intended to prepare for working with
structures built over a small number of geometries exclusively. Many classical theorems in

the field are left completely unmentioned, and little attempt is made at full generality.

2.1 Defining a projective space

Definition 2.1.1 A geometryis an ordered pairG = (Q2,1) , whereQ is asetand | is a
relation onQ that is symmetric and reflexive. We say that | isitteédence relationof the

geometnG. Given xy € Q, if (x,y) € | then we say that x and y aracident.

Definition 2.1.2 LetG = (Q, 1) be a geometry. Aag of G is a subset of2 such that every

element in the subset is incident to every other element in the subset. A flag F is called



maximal if there does not exist  Q such that FU {x} is also a flag. We refer to elements

of Q asgeometric primitivesr flats.

Definition 2.1.3 We say a geometi@ = (Q2, |) hasrank n if Q can be partitioned into an
ordered sefQy, ..., Q,) such that every maximal flag &f contains exactly one element

fromQ;, forie{1,...,n}.

Definition 2.1.4 If G = (QQ, 1) is a geometry of rank whereQ can be partitioned into
(P, B) in the manner just described, then we say Bas anincidence structureand we

write G = (P, B, 1). We call the elements &f points and the elements & blocks

Usually we will be concerned with the case where the incidence structure describes a

relationship between points atides, so we may refer to blocks and lines interchangeably.

Definition 2.1.5 Given a proposition A concerning an incidence structure, we obtain the

proposition A dual to A by interchanging the words “point” and “line”

Definition 2.1.6 Given an incidence structu® = (Q4, Q,, 1), we define the incidence

structureG? dualto G by G := (Q,, Q4 1).
By this definition, clearly G*)* = G.

Definition 2.1.7 LetG = (, L, ) be an incidence structure. Letlye £ be two distinct
lines. We say the lines g andritersectif there exists a point B # such that(g, P) € |

and(h,P) € I.

Definition 2.1.8 A projective spac® = (2, 1) is an geometry of rank i 2, where the
contents of two of the partitions ©f are singled out apointsandlinesrespectively in

which the following axioms hold:



Axiom 1 For any two distinct points P and Q there exists exactly one line that is
incident with both P and Q. We denote this line PQ. This axiom is

known as thdine axiom.

Axiom 2 Let A, B, C and D be four distinct points such that AB intersects CD.
Then AC also intersects BD. This axiom is usually called the

Veblen-Young axiom
Axiom 3 Any line is incident with at least three points.

Axiom 4 There are at least two lines.

Traditionally one distinguishes between a degenerate projective space, which only
satisfies the first three axioms given above, and a non-degenerate projective space, which
satisfies all four. Since we are only concerned with non-degenerate projective spaces, we

simply refer to them as projective spaces and assume all four axioms hold.

2.2 Additional properties of a projective plane

Definition 2.2.1 A projective plands a projective space in which any two lines have at
least one point in common. This is a stronger statement than the Veblen-Young axiom and

SO replaces it.

This counter-intuitive definition is where the traditional Euclidean geometry and the
geometry of a projective plane start to diverge, but it gives rise to the most startling
property of projective geometry, th&rinciple of Duality , defined in Theorerg.2.7

below. We build up to this by noting that the duals of each of the axioms for a projective

space hold.



Lemma 2.2.2 (Axiom 1#) For any two distinct lines in a projective plane there is exactly

one point that is incident with both.

Proof: Letgandh be distinct lines. By the definition of a projective plagegndh are
incident with at least one common point. Assume there exists a pair of distinct points
andQ, each incident with botly andh. By the line axiom, there exists only one line
throughP andQ, sog = h. Contradiction. Thereforg andh intersect at exactly one point.

Lemma 2.2.3 (Axiom 2*) Any two points are incident to at least one line.

Proof: This is an immediate consequence of the first axiom. [

Lemma 2.2.4 Given a point P in a projective space, there exists a line not incident with P.

Proof: Let P be a point. Assume that all lines are incident withThen there exist
distinct linesg; andg, throughP. By the third axiom there exist poinG, andG, on g,
andg, respectively, wher&; # P. If G;G; is a line throughP then we violate the first
axiom or thatg, andg, are distinct, s@,G; is a line not incident withP. Contradiction.

So givenP there exists a line not incident with [

Lemma 2.2.5 (Axiom 3%) Any point is incident with at least three lines.

Proof: Let P be a point. Then by Lemm&2.4there exists a ling which is not incident
with P. By the third axiom there exists at least three distinct poiBs andC incident

with g. SOAP, BP, andCP are three distinct lines throudgh [ |

Lemma 2.2.6 (Axiom 4%) There exist two distinct points.



Proof: There are at least two lines by fourth axiom, and every line is incident with at least

three points, so there are easily two distinct points. [

Since Axioms 2, 24, 3%, and 4 hold for every projective plane, it follows thatffis a

projective plane, then so R".

Theorem 2.2.7 (Principle of Duality) If a proposition A holds for all projective planes

then the dual proposition/Aalso holds for all projective planes.

Proof: Let P be a projective plane. If propositiohholds in all projective planes then in
particular propositiorA holds forP*. It follows that propositiomA* holds for P*)* = P.

2.3 Constructing a projective space over a vector space

We are concerned with a specific type of projective space that recommends itself to
efficient processing by means of linear algebra. To that end, we describe the construction

of a projective space over a vector space as follows.

Definition 2.3.1 If V is a vector space of dimensi¢d + 1), where d+ 1 > 3, over a field

F, then we defin@(V) = (Q, ) where:
e The elements &R are the proper nontrivial linear subspaces of V.
e (a,B)elifandonlyifa CporpC a.

Theorem 2.3.21f V is a vector space of dimensiontdl, where d+ 1 > 3 thenP(V) =

(Q,1) is a geometry of rank d with the partitiq€y, ..., Qq), where

Qi ={U : U is asubspace of V and d(td) = i} fori € {1,...,d}.



Proof: Itis clear thatP(V) is a geometry. We must show that it has rahk

Assume there exists a flag R{V), which contains elements g € Q; for some

i € {1,...,d}. Becauser andg have the same dimension and one contains the other, they
are the same subspace. So there is at most one elemen®friorany given flag oP(V).
On the other hand, assume there exists a maximaflagP(V), which does not contain
an element of each partition set@f Choosé such that; N ¥ = 0.

If there exists g < i such thatr N Q; # 0, then letj, be the largest suchand lets be a
basis for a subspace i N Q;j,. Otherwise lep = 0. If there exists & > i such that

F N Q # 0, then letky be the smallest sudhand letU € 7 N Qy,. Otherwise leU = V.
Sinceg is a linearly independent subsetldf 8 can be extended to a bagisof U. LetW
be the span of anyelement subset ¢gf’ which containg.

Clearly spam ¢ W c U. So any subset of spg@ns a subset oV, andW is a subset of
any superset diJ, soF U {W} is a flag. Thereforg is not a maximal flag. So any

maximal flag ofP(V) contains exactly one elementQf fori € {1,...,d}. [ |

Theorem 2.3.31f V is a vector space of dimension at least 3 tfW) = (Q, I) with the

ordered partition(Q4, ..., Q) is a projective space with point s&; and line se,.

Proof: We simply need to verify that each of the axioms required of a projective space
holds.

For any two distinct points P and Q there exists exactly one line that is incident with both
P and Q.Becausd® andQ are distinct one-dimensional linear subspaces, there exists a
unique two-dimensional linear subspace that contains them both.

Let A, B, C and D be four points such that AB intersects CD. Then AC also intersects BD.
If ABintersectsCD, then eithelAB = CD or they intersect at a single poiRt If

AB = CDthenAB= CD = AC = BD and soAC intersectBD. OtherwiseABandCD
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intersect aP. Letp be a vector such that spgrm = P. Then we can extengb} to a basis

B for AB. Similarly we construct a basisfor CD that containg. Becausdp} = 8N,

we knowg U vy is a set of three vectors, which span a three-dimensional linear subspace
that contains the point4, B, C andD. So,AC andBD are contained ir. Sincer is a
three-dimensional linear space ai@ andBD are distinct two-dimensional linear
subspaces of, they must have a one-dimensional linear subspace in common. Therefore
AC intersectSBD.

Any line is incident with at least three pointSiven a line¢, there exists a basis

B = {By, B1} such that spas = ¢. Then sparB,}, spanB;}, and spatfB, + B,} are three

points on the line.

There are at least two lineJhis is the reason for the restriction that the vector space must
have dimensiorx 3. Letg = {B,. 8.8} be an arbitrary basis for any three-dimensional

linear subspace of. Then spaB,, 8,} and spang,, B,} are distinct lines. [

Definition 2.3.4 If a projective spac® is also a geometry of rank d, we say that itis a

projective space afimensiond.

Definition 2.3.5 We say that the projective spaéV) is constructed ovel and

coordinatizedby F.

Definition 2.3.6 We define aHlat in P(V) = (Q, ) as an element of the partition set
Qy.1, Or in other words anyk + 1)-dimensional linear subspace of V. We refeftpl-
and2-flats aspoints lines, andplanesrespectively. In a vector space of dimension n, we

refer to an(n — 1)-dimensional linear subspace asgperplane

We borrow the following terminology from Stoftf.
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Definition 2.3.7 In the context oP(V) we define theneetof two flatsa andg to be the

linear subspace of their intersection and write it@s g.

Definition 2.3.8 In the context oP(V) we define thgoin of two flatsae andp to be the

linear subspace of V generated by the elementswf. We write this as v 3.

Definition 2.3.9 We define thgacuumF to be the trivial zero-dimensional subspd&g

that may arise from taking the meet of flats in a projective space.

Note that for any flaP,

FAP=PAF=F,
(2.3.1)

FVP=PVF=P
This lends (hopefully) a bit of humor to this choice of notation and provides a convenient

mnemonic device from elementary truth tables.

Definition 2.3.10 We define theniverseto be all of our underlying vector space V.

Definition 2.3.11 Given a proposition A concerning a geome®yof rank n we obtain
the proposition A dual to A by interchanging the words “meet” and “join”, replacing
each reference to a k-flat with a reference to(an- k)-flat, and swapping the words

“vacuum” with “universe.”

Notation 2.3.12 We are primarily interested in projective spaces constructed over the
vector space ! coordinatized by F. We adopt the standard notation of referring to this

projective space aBG(n, F).
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2.4 Reguli and transversals

Definition 2.4.1 If a line ¢ exists that stabs through every line in a geof lines at exactly

one point each, that line is calledteansversalof the set/.

Definition 2.4.2 A set of flats in a projective space askewif no two flats in the set

contain a common point.

It follows no two lines in a set of skew lines lie in the same plane.

Definition 2.4.3 Aregulusis a set of three skew lines.

Lemma 2.4.4 Given two skew lineé, ¢, in PG(3, R) and a point not contained in either

of the two lines there exists a unique lihthat intersectg, £, and P.

Proof: Consider the planH = ¢; v P. Sincell contains/; and we know thaf; and¢, are
skew,?; is not contained in the plane. However, since we are in a four dimensional vector
space, and we knows is a two-dimensional subspace dids a three-dimensional
subspaceQ = ¢, A IT must be a point. Then the lima= P v Qs a line that intersects

which is contained il. Sincef; andm are contained in the same projective plane, and

{1 # m, we know they intersect at a single point. So there exists a unique transvaytal

{1 and¢, that passes through any arbitrary pdiin space. [

Corollary 2.4.5 Given three skew line&, ¢», £3 and a point on one of the three, there

exists a unique transversal through all three that passes through that point.
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Chapter 3: Oriented Projective Geometry

3.1 Orienting a projective space

The lack of directionality in a projective space is somewhat frustrating for the purposes of
computational geometry and computer graphics. To give lines and planes a meaningful

orientation, we introduce the concept of an oriented projective space.

Definition 3.1.1 Anoriented projective spac® = (P, Qo,| - |) consists of an underlying
projective spac® = (Qp, 1), a setQ of oriented flats and a function - | that maps
elements of)g into elements ofp, such that exactly two oriented flater and—a in Qg

map to the same flat in Qp.

Definition 3.1.2 Given an oriented flak in an oriented projective spad®@, we define-a

to be the other oriented flat withy| = | — .

Note that because the vacuum and universe are not flats, there is no oriented version of
them contained i82o.

Because an oriented projective space is constructed from a projective space, we can use all
of the structure associated with the underlying projective space. Similarly, we refer to

incidence for oriented flats in terms of the underlying oriented flats they map to|via

Example 3.1.1 We say two oriented flatsandg are incident if the flat$a| and|g| are

incident.
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As we are concerned only with oriented projective spaces constructed over vector spaces,
we define matters directly in those terms. From here on, we will assume that the projective

space in the definition above is constructed over a vector Space

Notation 3.1.3 If v is a nonzero vector in V then we le} P span{v}, a point in our
projective space. Without previous mention of the veetdrwe refer to a point Rin our

projective space, then we mean that it arises in this way from a vector

Furthermore, we shall assume that the fielé an ordered field when dealing with
oriented projective spaces, allowing us to refer to positive and negative eleménts of
unambiguously.

An alternative full formal definition of an oriented projective space and an oriented

generalization of the meet and join operations appears in several papers b{fStolfi.

Definition 3.1.4 In an oriented projective space eachented flata is an equivalence
class of ordered bases of the underlying ftat Ordered bases dd| are equivalent if their

change of basis matrices have positive determinant.

Clearly, there are only two oriented flats associated \witlso these satisfy the

requirements for oriented flats given above.

As a consequence of the above definition, in an oriented projective spacereatbd

point is an equivalence class of vectors defined so that two vectors are in the same class if
one is a positive scalar multiple of the other. The special equivalenceFctamsaining

only {0} is not an oriented point, as it is not a basis for a one-dimensional linear subspace.
As before, we refer to this degenerate case as the vacuum.

We use the notatioR, for oriented points as well as for unoriented points. Context will

make the meaning clear.
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3.2 Homogeneous coordinates

Because many of the definitions in the following sections are virtually identical for the
oriented and conventional cases, when a proof applies to both with only minor changes
necessary to make the definitions apply in the oriented case, we parenthesize these
changes. Note that because an oriented projective space is constructed from a projective

space, the weaker definition can still be used when orientation is not at issue.

Definition 3.2.1 LetG be an (oriented) projective space constructed over a vector space
V and letg be a basis for V. Fow € V, we say that the components of column vepthy

are homogeneous coordinatdsr the (oriented) point Pwith respect t@. If 8 is

unspecified then we fix a basis for V, preferably the canonical basis if one exists, and use

it consistently.

Notation 3.2.2 We refer to the oriented projective space constructed BYe) asOP(V).
Similarly we refer to the oriented projective space constructed B@&n, F) as

OPG(n, F).

The projective spacBG(3, R) is familiar turf to programmers in the field of computer
graphics; it is the space in which traditional computer graphics operations are usually
executed. The % 4 matrices in any introductory computer graphics text that represent
rotation, translations, and perspective projection all give mappings that preserve the

structure ofPG(3, R) as a projective space.

3.3 Polarities

While it is possible to construct a purely projective geometry that contains oriented flats,

and this has been done quite successfully in a computational setting, this is not necessary
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for our purposes and interferes with the operations we need to define, so we turn to elliptic

geometry for another tool.

Definition 3.3.1 An (oriented)correlation on an (oriented) projective space is bijective
map on (oriented) flats that maps (oriented) k-flats into (orienfed) k)-flats in the same

projective space, while preserving incidence (and orientation).

Example 3.3.21If = refers to the application of the correlation to a flat, then this definition

states that A and B are incident if and only if &hd B are incident.
Definition 3.3.2 We define golarity as a correlation which is its own inverse.

Definition 3.3.3 We define an (orientedlliptic spaceto be an (oriented) projective

space with a fixed unoriented polarity, called tigsolute polarity

There can exist more than one polarity on a given projective space. However, for our
purposes we are only concerned with the absolute polarity. Any reference to polarity
refers to the absolute polarity and is not necessarily extensible to an arbitrarily constructed
polarity.

When we are working with a projective geometry constructed over an inner product space,

there is a particular polarity that is readily apparent to us:

Definition 3.3.4 Leta be a flat inP(V), where V is a nondegenerate inner product space.
We define the flat” polar to « to be the linear subspace of vectors orthogonat tander

the inner product of V.

Many of the ways in which we use this polarity rely solely upon its existence and this
cannot be guaranteed R{V) alone without the stipulation that be an inner product

space. BecaudeG(n, F) are constructed ovéi™!, which allows the use of the standard
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inner product, we can safely use this construction there. Rather than clutter the text with
another notation or repeated caveats thae an inner product space, or that we have a
given polarity, we simply limit our attention 8G(n, F) and assume the polarity just

given is the absolute polarity for the space.

Notation 3.3.5 We adopt the convention that the tupdg, . . ., a,] refers to a row vector,

while (ay, . .., a,) refers to the column vectday, ..., a,]".

There are two oriented correlations that arise naturally when considering an oriented
projective space and that are consistent with the absolute polarity for the underlying

projective space.

Definition 3.3.6 Leta be an oriented flat that contains the ordered bdsis ..., @,). We
define theight complementof the oriented flatr to be the oriented flat", the
equivalence class of bases fof* that contains the basig/, ..., a") such that a fixed
basisg for the underlying vector space can be obtained f{@m ..., a,, a4, ..., a},) by a

matrix of positive determinant.

Definition 3.3.7 Leta be an oriented flat that contains the ordered bdsis ..., @,). We
define thdeft complemenbf the oriented flatr to be the oriented flat”, the equivalence
class of bases fdr|* that contains a basi&r;, ..., @;) such that the fixed basgsfor the
underlying vector space can be obtained fram), ..., a, a1, ..., @,) by a matrix of positive

determinant.

Clearly, the act of taking the left or right complement of an oriented flat is the application
of a correlation. Furthermore, both of these correlations are consistent with the absolute
polarity for the elliptic space. Se'| = |a”| = |a|*. This allows us to use these operations

in an unoriented projective space without further comment.
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If dim(|e|) - dim(la|?) is even, them" = . Otherwisen" = —a". For instance, in the case
of an oriented lin¢ in OPG(3, F), this product is 4, sé" = ¢*. However, for an oriented
point or oriented plan® in OPG(3, F) this product is 3, s&" = —P*. This motivates the

following definition:

Definition 3.3.8 Leta be an oriented flat. Iflim(a]) - dim(la|*) is even, then we define the

oriented flate® polar to a to be the unique oriented flat* = o = o'.

3.4 Tangential coordinates

Definition 3.4.1 LetG be a d-dimensional (oriented) elliptic space constructed over a
standard inner product space V. We may specify an (oriented) hyperflaseng the
homogeneous coordinates of an (oriented) pbihthat is the left orthogonal complement
to I1. Borrowing terminology from Coxetéwe refer to the row vector formed from the

homogeneous coordinates fidr astangential coordinategor I1.

This choice of terminology is somewhat unfortunate in that these coordinates might more
accurately be dubbed “orthogonal” or “normal”’ coordinates, but the convention of

referring to them as tangential is fairly well established.

Definition 3.4.2 We refer to an oriented point whose first nonzero homogeneous
coordinate is positive as positively oriented pointSimilarly we defin@egatively

orientedpoints as those whose first nonzero homogeneous coordinate is negative.

Definition 3.4.3 By the same convention, we refer to an oriented hyperplane whose first
nonzero tangential coordinate is positive ap@sitively oriented hyperplaneSimilarly

we define negatively oriented hyperplanes and the orientation of a hyperplane as before.
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Notation 3.4.4 We adopt the convention thHt, refers to the (oriented) hyperplane,

which is the (right orthogonal) complement to the (oriented) point P

Definition 3.4.5 Given an oriented hyperplarié, in an oriented projective space, we
define I—]q” ={P, : (v,7) > 0} and H, = (P {v,m) < 0}, to be the set of oriented points

in the positive and negative half-spaces associated Mjth

Claim 3.4.6 Clearly H}; = H~;, demonstrating the distinction between positively and
negatively oriented planes. It is also easy to see that if P is an oriented point not incident

with IT then Pe H/, if and only if-P € H.

3.5 Oriented meet and join operations

We can only partially extend the meet and join operations to oriented flats in a manner that
is consistent with the meet and join operations on the underlying flats.

See Stolfi® for an alternate definition, which includes additional mechanisms for handling
flats of indeterminant orientation that is suited to implementation in software, where

special cases and undefined quantities are awkward to work around.

Definition 3.5.1 Given two oriented flats and that contain the ordered bases
(a1, ...,an) and (B, ..., B,) such thata| N |8 = {0}, we define theijoin, the oriented flat

a V B, to be the oriented flat which contains the ordered bésis..., an, 81, ... By)-

Definition 3.5.2 Given two oriented flats andg in an oriented elliptic space such that
la* N |BI* = {0}, we define theimeet the oriented flatr A 3, in terms of the oriented join

and right orthogonal complement as

aAB:=(a" VvB). (3.5.2)
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It can be readily verified that the following relationships hold for the orieatédtsa and

orientedb-flat 8 in OPG(n, F) by using elementary linear algebra:

e aV(-p)=—(aVp),
o aVp=(-1°BVa),
e a A () =—-(arp),
o a AB=(-1"BAa),

e o = (_1)a(n—a)a,k’

(@) = (@) = .

Note that we may consistently use either left or right complement because j&fJimng
and dim(g|) = b and our elliptic space is constructed ovematimensional standard inner

product space then

(al— Vﬁ}—)l— — (_1)(a+b)(n—a—b)(a,F Vﬂ“)*

— (_ 1)(a+b)(n—a—b) ((_ 1)a(n—a) a,—i v (_1)b(n—b)ﬁ—|)—|

— (_1)an+bn—aa—ab—ba—bb+an—aa+bn—bb(a4 V,34)4
(3.5.2)
— (_1)2an+2bn—2aa—2bb—2ab(a/4 VB4)4

— 1an+bn—aa—bb—ab(a4 Vﬁ4)4

— (Cf V,B4)4.
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Chapter 4: Notions of Infinity

4.1 Flats at infinity

Now we return to the distinction that was drawn between Euclidean and projective
geometry earlier. We stated that in a projective plane, any two lines intersect at a point. On
one level this definition runs counter to geometry as learned in high school, where we can
have parallel lines. On another level, it is just another way to refer to the same

phenomenon.

Definition 4.1.1 LetG be an (oriented) elliptic space over a standard inner product space
V. If g = (Bo,....Bq) is an ordered orthogonal basis for V then we denote Bythe
hyperplandlg,. We call Hy thehyperplane at infinitywith respect tgg. As usual, if3 is

unspecified, we refer to the standard basis for V.
Example 4.1.3In PG(3,F), v e H* ifand only if = O.
Definition 4.1.2 If U is a k-flat incident with K, then we say that U is k-flat at infinity.

Example 4.1.41f U is a two-dimensional linear subspace of’Hhen we say that U is a

line at infinity.
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4.2 Affine coordinates

Definition 4.2.1 If U is a k-flat and it is not a k-flat at infinity, then we say that U is an

affine k-flat
Note that every finek-flat, wherek > 0, contains a singlek(- 1)-flat at infinity.

Definition 4.2.2 Let G be an elliptic space of dimension n constructed over a standard
inner product space V with ordered orthogonal basid.et P be an gine point inG.

Then P has homogeneous coordind&s. . . , a,) with respect tgg and because P is not a
point at infinity, @ # 0. We define theffine coordinatef P with respect t@ to be the

vector

a:(g,...,%). 4.2.1)
Example 4.2.5 ConsiderPG(2, F). Let P,Q,R and S havegjme coordinates
(0,1),(0,2),(1,0), and(1, 2) respectively. This tells us that the linevRQ is spanned by
{(1,0,1),(1,0,2)} and the line R/ S is spanned b{(1, 1, 0), (1, 1, 2)}. Therefore the point
(PVv Q) A (RVS)isspanned by(0, 0, 2)} and since its first homogeneous coordinate is 0,
it is a point at infinity. In other words the fact that in the Euclidean plane the lirds y

and y=1 are parallel is represented by the fact that the intersection between these two

lines occurs at a point withoutfne coordinates.
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Chapter 5: Quadratic Spaces and Isotropic Vectors

Before we can explore the lRlker quadric, it becomes necessary to review some

infrequently used terminology involving quadratic spaces.

5.1 Quadratic spaces

Definition 5.1.1 A tuple(Q, V) consisting of a quadratic form Q and a vector space V is

called aquadratic space

Definition 5.1.2 Given a quadratic spacg, V), a vectorv € V is defined to béotropic

if Q(v) = 0, andv # O.

Definition 5.1.3 If a quadratic spac€Q, V) contains an isotropic vector then we say that
(Q,V) is anisotropic quadratic spaceOtherwise we say that the quadratic space is

anisotropic

5.2 Signatures

Definition 5.2.1 Let(Q, V) be a quadratic space where B is the bilinear form underlying
Q. If there exists an ordered bags= (8, ..., 8,) for V which is orthogonal under B such

that
QBy) =---=QBi_1) =1, (5.2.1)
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QW) =--- = QBij1) = -1, (5.2.2)

QBj))=--=Q(B)=0 (5.2.3)

then we say thatQ, V) is aquadratic space of signatur@, j), and that Q is aquadratic

form of signature(i, j).

Definition 5.2.2 A quadratic spac€Q, V) of signature(n, 0) is said to bepositive

semi-definiteif dim(V) > n andpositive definitaf dim(V) = n.

Definition 5.2.3 Similarly, a quadratic spacgQ, V) of signature(0, n) is said to be

negative semi-definitéd dim(V) > n andnegative definitef dim(V) = n.

It is easy to see that if a quadratic space is positive definite or negative definite, than it is

anisotropic.

5.3 Orthogonal isotropic vectors and quotient spaces

Definition 5.3.1 Given a quadratic spacg, V), we define thguotient spaceavith
respectto a set S of vectors in V to be the subspace of V orthogonal to every elementin S

under Q.

Lemma 5.3.2 Let(Q, V) be a quadratic space with signatuf® n) and B be the bilinear
form underlying Q. I andy are isotropic vectors and®, y) = 0, thenx = Cy for some

non-zero constant C.

Proof: Because(@, V) is a quadratic space of signaturer), there exists an ordered
basis8 = (B, ---, B,) for V such thaQ(B,) = 1 andQ(B;) = -1 fori € {1,...,n} and the

elements of3 is orthogonal undeB. The assumptions imply that every nonzero vector in
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the subspacl = span(x, y} is isotropic. HenceéJ intersects the subspaéspanned by
B, B, in the zero subspace. It follows that did) = 1. Thusx = Cy for some nonzero

constancC. B

Corollary 5.3.3 If (Q, V) is a quadratic space with signatu(a, 1), B is the bilinear form
underlying Q x andy are isotropic vectors and &, y) = 0, thenx = Cy for some

non-zero constant C.

5.4 Counting subspaces in a quadratic kernel

We will need the following result to establish some properties about lines in projective

space later.

Theorem 5.4.1 Let(Q, R") be a quadratic space and B be the bilinear form underlying
Q. There are either zero, one, two, or infinitely many distinct one-dimensional subspaces

of R" such that @u) = O for everyu contained in one of these subspaces.

Proof: Letg = (B, ...B,) be a basis for@, R") constructed as in Definitios.2.1 Let
(i, j) be the signature of, R"), andk = n—i — j represent the number of vectorsdihat

resolve to 0 under the quadratic fo Then one of the following must hold:
e (Q,RR") is positive definite or negative definite,
e (Q,R") is of signature (11) with k=0,
¢ (Q,R") contains a subspace of signaturgylor (2 1),
e (Q,RM hask = 1 and is positive semi-definite or negative semi-definite,

e (Q,R") hask > 1 and is positive semi-definite or negative semi-defirate,
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e (Q,R" hask > 0 and contains a subspace of signaturd J1

If (Q,R") is positive definite or negative definite then it is anistropic, so we find no
subspaces containing isotropic vectors.

If (Q,R") is of signature (11) andk = 0O, then the subspaces spannegpy £, and

Bo — B, are distinct, and each nonzero vector contained in them is isotropic. Moreover,
these are the only isotropic vectors in this space, so we find two distinct one-dimensional
subspaces in the kernel Q%

If (Q, R") contains a subspace of signature)l which has an ordered basis

constructed as specified in DefinitiérR.1, then every vector in the subspace spanned by
Yo+ a?y, + Wyz maps to 0 under our quadratic form f@re [0, 1] € R. So there

are infinitely many one-dimensional subspaces in the kern®l &imilarly, a subspace

with signature (21) yields infinitely many one-dimensional subspaces in the kern@l of

If k=1 and Q,R") is semi-definite, then there is only one one-dimensional subspace,
spanned by, contained in the kernel d.

If k> 0 and Q,R") is semi-definite, then any combination of thbasis vectors that map

to 0 underQ yields a basis for a one-dimensional subspace of vectors in the ker@el of

so there are infinitely many one-dimensional subspaces contained in the ke@el of

If k> 0 and Q,R") contains a subspace of signaturel(fl then any combination ¢,

and an isotropic vector from that subspace is a basis for a one-dimensional subspace of
vectors in the kernel, so there are infinitely many one-dimensional subspaces contained in
the kernel ofQ.

Collecting these results, we see that there are zero, one, two, or infinitely many

one-dimensional linear subspaces contained in the kerr@@l of [
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Chapter 6: Plicker Coordinates

6.1 Ray coordinates

Definition 6.1.1 If P, and B, are distinct (oriented) points then we say that the elements

of the matrix(¢;;) are Plucker ray coordinate®f the (oriented) line Pv Py where

Xi X
é:ij = . (611)
Yi Y;j
If P. andPy, are (oriented) points such thig v Py, has Plicker ray coordinateg;() and
Py vV Py = Py v Py, then there exists an invertiblex22 matrix A (with positive
determinant) such thak(y’) = (x, y)A. If follows that¢;; = det(A)é;. So Plicker ray
coordinates are well defined up to a (positive) scalar multiple.

Note thatt; = 0 andé; = —&;i. While the above definition holds in an (oriented)

projective space of arbitrary dimension, we are concerned with (oriented) lines in

three-dimensional projective space. In this particular case we can uniquely specify all 16

terms of the matrix4;) with only six terms by exploiting the fact that this matrix is
skew-symmetric and is zero along its diagonal. This motivates consideration of the

following vector, which uniquely specifies the<4 matrix ¢;;):
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Definition 6.1.2 If (¢&;;) are Plucker ray coordinates for an (oriented) line@PG(3, F)

we define to be the column vector

& = (éo1, €02, €03, 23, €31, £12). (6.1.2)

While this selection of terms will be justified later in Theor&m.], it can be noted that

these terms are the six22 minor determinants of the matrix

A | (6.1.3)
Yo Y1 Y2 VY3
Notation 6.1.3 The oriented Pliicker ray coordinates for the oriented ling B are a
negative scalar multiple of any Pliicker ray coordinates for the oriented lineABso we
write Av B = —B Vv A to indicate this relationship. It can be easily verified for distinct

oriented points A and B witid\ # |B| that
-(AvB)=(-A) vB=AV(-B)=BVA, (6.1.4)

so this notation is not ambiguous.

6.2 Axial coordinates

We now engage in a similar construction using the tangential coordinates of a pair of
planes instead of the homogeneous coordinates of a pair of points. The same justification
used above to show that thelleker ray coordinates are well-defined holds here as well

and so we do not repeat it.
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Definition 6.2.1 If I, andIl, are distinct (oriented) planes IOPG(3, F), we say that

(5i;) are Plucker axial coordinatesf the (oriented) lind1,; A I1,, where

T
Eij = I J (621)

Ui Y

As above with the Ricker ray coordinates, we ha¥fgy = 11 = E,, = E33 = 0 and
=ij = —Eji, so for a three-dimensional projective space we can uniquely specify all 16

terms of the matrix&;;) with just six terms.

Definition 6.2.2 If (5;) are Plucker axial coordinates for an (oriented) line@PG(3, F)

we defineZ to be the row vector

= = [Eas3, E31, E12, o1, 202, Zo3)- (6.2.2)

6.3 Line coordinates

Theorem 6.3.1Let¢ be a line with Plicker axial coordinatés;;) and Pliicker ray

coordinateg&;;). Then, the vector® and¢ satisfy

£=CET, (6.3.1)

where C is a non-zero scalar.

Proof: A straightforward proof of this based on one on page 89 of Coké&élows. This
proof has been extended for readability and modified to address the case where one or

more 0féo1, &0, 03, £23, €31, OF €12 €Quals zero, which occurs quite often in practice.
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Let the oriented point®, andP, each be incident with both of the oriented plangsand

I1,. Then
Xm) =y, 1) = X ¥) =y, ¢¥) = 0.

Let (&;) be Plucker ray coordinates for the lifg v Py and let E;;) be Plucker axial
coordinates for the lin&l, A I1,.

Consider

3 3
ZfikEjk = Z(Xiyk — YiXq) - (¥ — ¥jmi)
k=0 k=0

6.3.2
= XY ) — XY 1) — Yt O ) + Vit (%, ) (6.3.2)

=0.

Leti, j be distinct elements @D, ..., 3}. Then becausg = Z; = 0, two of the terms of
&ioZjo + -+ + &3Ej3 must equal 0. Therefore if we &t andk; be the two values in

{0, ..., 3} not assumed by eithéor j, we obtain an equation of the form

& ik, + Eik 2k, = 0.

There are twelve ways to chooisand j in this fashion, so we obtain a system of twelve
equations, which can be verified to be equivalent to the following equationGhéth

nonzero constant:

£=CE". (6.3.3)

This afords us the luxury of using and= for a line inPG(3, F) interchangeably as long

as we are not concerned with the orientation of the line.
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Definition 6.3.2 If (§;;) are Plucker ray coordinates for the lirfeor (¢;;) are Plicker axial

coordinates for the liné then we say thaf;;) are Pliicker line coordinategor the line’.

6.4 Generalized Plicker coordinates

Plicker line coordinates are a specific case of a more general constructionjtkerPI
coordinates for &-flat in ann-dimensional projective space.

We define a positively oriented basis as one that can be constructed from the standard
basis for our space by pre-multiplying the basis vectors by a matrix that has a positive
determinant.

Per Stolfil® given a positively oriented ordered bagis: (B,, ..., ,) for the underlying
vector space, and a setlofinearly independent vectoxs,. .. v* in our flat, the Flicker
coordinates for the flat are uniquely specified by(l{}jé) minor determinants of order

k+ 1 of the K+ 1) x (n + 1) matrix

V8 vﬁ
, (6.4.1)
Vlé an

wherev, refers to the thg-th component ofifJ.

n+1

In general it takesg, |}

) codficients to describe kflat in ann-dimensional projective
space using Rkker coordinates, and it takes« 1)(k + 1) coordinates to define a flat
using the coordinates of basis vectors for the flatpor L)(n — k) tangential coordinates
required to describe the flat in terms of the subspadé afthogonal to it.

Consider Tablé&.1, which describes the number of coordinates required to represent a

k-flat in n dimensions, in Ricker, homogeneous, and tangential form. As can be seen in
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Pliicker Homogeneous Tangential
kn|2 3 4 5 6 kn|2 3 4 5 6 kn|2 3 4 5 6
0|3 4 5 6 7 0|3 4 5 6 7 0 |6 12 20 30 42
1 ]/3 6 10 15 21 1 ]/6 8 10 12 14 1|3 8 15 24 35
2 |- 4 10 20 21 2 |- 12 15 18 21 2 |- 4 10 18 28
3 |- - 5 15 35 3 |- - 20 24 28 3 |- - 5 12 21
4 |- - - 6 21 4 |- - - 30 35 4 |- - - 6 14

Table 6.1. Number of coordinates required for th@dRer, homogeneous and tangential
representations oflaflat in PG(n, F)

the table, the number of Btker coordinates required to distinguish a line are only fewer
than the number of homogeneous or tangential coordinates for lines (1-flats) in three
dimensions. The coordinate format with strictly fewest coordinates for a given

combination ok andn is given in bold to highlight the distinction. After that the binomial
growth in the number of Rkker coordinates required outstrips the number required to
describe the flat in terms of homogeneous or tangential coordinates.

One might consider this to be whyileker coordinates seem to have been relegated to a
mathematical back-water, because while they generalize to higher dimensional spaces,
they become increasingly harder to work with and less and less useful as the dimension of
our space increases.

This provides justification for our choice of representation for geometric primitives in

PG(3, F) andOPG(3, F); our choice of homogeneous coordinates for point$cidr
coordinates for lines, and tangential coordinates for planes involves the fewest number of
coordinates in each case, and we prefer homogeneous and tangential coordinates for
points and planes because the standard actions require fewer operations in these cases than

their Plicker equivalents.
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Chapter 7. Working with Pl ticker Coordinates

If Plucker line coordinates only saved us two ffm&ents in our line representation for the
highly specific case of lines in a three-dimensional (oriented) projective space, then there
probably would not be much interest in them. Fortunately, this is not the case; there are a

number of computational benefits for working directly witli€ker line coordinates.

7.1 The Plicker quadric

Definition 7.1.1 Let B: F® x F® — F be the symmetric bilinear form
B(V, W) = VoWs + ViWy + VoWs + WoV3 + WiV + WaVs. (7.1.1)
Definition 7.1.2 Letp, g, r, sbe vectors in E. We define

Po P P2 P3
D(p,q,r,s) = B G % % ) (7.1.2)
o ra ro I3

S S 2 S

Theorem 7.1.31f (oriented) lines B v Py and R v Psin OPG(3, F) have Plucker ray

coordinateqi;) and(&;;) respectively, then (@, q,r, s) is a nonzero (positive) scalar
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multiple of B&,&7).

Proof: Let (&;) and §;) be PLicker ray coordinates fd?, v Pq andP: v Ps respectively.
Then as noted by Pellegrifi,if we expand the determinai(p, g, r, s) according to the
2 x 2 minors of the submatrix formed lyandg and the minors of the submatrix formed

by r ands, we obtain

D(p’ q.r, S) = 501§é3 + 60251,31 + 503512 + 561523 + 662631 + 663612 = B(f’ 5,)’ (713)

with (&) and €;7) determined up to a nonzero (positive) scalar multiple. [

Corollary 7.1.4 For any line inPG(3, F) with Plucker line coordinateg;), B(,£)=0.
Proof: LetP, v P4 be a line inPG(3, F) with Plicker line coordinates(). Then

B(£.£) = D(p.g,p,q) = 0. N

Definition 7.1.5 We call the quadratic form QF® — F thePliicker quadratic form
where

Q(V) = VoV3 + ViV4 + VoVs. (7.1.4)
It is readily apparent tha(v, v) = 2Q(V).
Lemma 7.1.6 The quadratic spac€Q, F®) is isotropic.

Proof. Let¢ be aline inPG(3, F) and let §;;) be PLicker line coordinates faf, then
Q) = %B(.f;‘, &) = 0. Since£ # 0, the quadratic spac€) F®) contains a nonzero vector in

its kernel and soQ, F®) is isotropic. [

Definition 7.1.7 In PG(5, F), we define the Plicker quadrito be

Q:={p(¢) : tisanline inPG(3, F)}. (7.1.5)
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7.2 Line interactions in OPG(3, F)

Theorem 7.2.1Let¢ and{’ be lines inPG(3, F) with Pliicker coordinateg;) and(fi})

respectively. Thefiand¢’ intersect if and only if B¢, &) = 0.

Proof. Let Py, Py, Pr, andPs be points such that= P, v Py and{’ = P, vV Ps. Then
D(p.q,r,s) = B(¢, &) by Theorem?.1.3 The only wayD(p, g,r,s) = 0 is when these

four vectors are not linearly independent. Sifiegg} is linearly independent and, s} is
linearly independent, the only way this can occur is for the two lines to share a common

subspace and hence intersect at least at one point. [

Definition 7.2.2 Let¢ and ¢’ be oriented lines iOPG(3, F) with Plicker ray coordinates

(&j) and(&;;) respectively. We define the side operatoss

ot == sgnB(&,£€)), (7.2.2)
wheresgnis defined as
1 ifx>0,
sgnk) =40  ifx =0, (7.2.2)
-1 ifx<O.

Since¢ andé” are defined up to a positive scalar multipgs, £') is also, and so its sign

is well-defined.

Theorem 7.2.3Let{ = P, vV Py and¢’ = P, vV Ps be oriented lines tOPG(3, F). Then

ot = sgnO(p,q,r,9)). (7.2.3)
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Proof: Let (&) and Gi}) be Plicker ray coordinates fdrand¢’ respectively. We know
thatfol” = sgn@B(&,£€7)) = sgnCD(p, g,r1,9)), where C is a positive scalar factor, so

ot = sgnO(p,q,r,s)). [
The value of P, v Pg)o(P; v Ps) admits an intuitive interpretation in terms of the “right
hand rule.” The value dD(p, q,r, ) is proportional to the signed volume of the
tetrahedron formed by the verticpsg, r, ands. The sign of this area can only be positive
if Py v Py does not interse®, v Ps. Note that if they are parallel they still intersect at a
point at infinity.

Another way to think about it when both lines afféiree lines and are not parallel is to
“look down” from Pg towards the plane with normal- r that passes through the pof,
and consider the projection & v P4 onto that plane. Fob(p, q,r,s) > 0 we see a ray
heading from one point to another in a direction that is oriented counterclockwise around
theP,. Similarly for D(p, q,r,s) < O we see a vector based at the projectioR,0bnto

this plane, pointed in a direction with clockwise orientation around the ghirinally, if

the lines intersect we see a ray that passes through theRjoint

7.3 Mapping lines onto points and hyperplanes

Definition 7.3.1 We define a mapping ¢ — p(¢), which maps (oriented) lines in
OPG(3, F) to (oriented) points iOPG(5, F) as follows. Let be an (oriented) line with

Plucker ray coordinateg;;), then

p(f) = Pg, (7.3.1)
where % refers to the (oriented) point specified by the veétor

Definition 7.3.2 We define a mapping: ¢ — n(¢), which maps (oriented) lines in

OPG(3, F) to (oriented) hyperplanes iIOPG(5, F) as follows. Let be an (oriented) line
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with Plucker ray coordinateg;;), thenn(£) returns the hyperplane with the tangential

coordinatest'[B];.

Corollary 7.3.3 Let¢ and¢’ be oriented lines iOPG(3, F). If I1, = n(¢’) and R, = p(¢)
then we can computeusing

ot = sgnfr, v)). (7.3.2)

Proof: This is an immediate consequence of the definitions of the above mappings and

the definition for¢. [ ]

7.4 Visualizing Plicker coordinates

The following theorem helps motivate the seemingly strange choiég ak one of the

components of.

Theorem 7.4.1 Let¢ be an (oriented) gine line with Plucker ray coordinatgg;;). Then
there exists a pair of (oriented)jane points B and R, on ¢ with afine coordinate® and

q respectively such thdt= P, v P, and

E=(@-p,px0). (7.4.2)

Proof: The first three terms are defined in terms of a determinant in which each term is
multiplied by the same factor you divide by to obtain tiiree coordinate, so the first

three Plicker coordinates are the same as tlkedénce of thefline coordinates. The

cross product is obtained because the three remaining terms are the just three minor
determinants of thefine coordinates taken in the same order as their cross product, and

&31 = —&13, SO the sign flip of the second term of the cross product is already taken into
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account. This mnemonic device is the reason #iys traditionally selected instead of

&13 for the fifth coeficient of €. n

One can recognize that a line is a line at infinity by noting the following:

Theorem 7.4.21f £ is a line at infinity with Plucker ray coordinatés;;) then¢ is of the

form (0, 0, 0, &23, £31, £12) and these are the only Plicker coordinates of this form.

Proof (=): Aline at infinity is a join of two points at infinity. So for any two points on
the line, the first components of their homogeneous coordiedesib must equal 0.
Hencety = agh; — bpa; = 0 fori € {0, ..., 3} and so the first three componerds., £o., and

£os, contained ir€ equal O. m

Proof (<): Conversely, assumegis not a line at infinity. Then it has a bagis y}, where
P, andP, are not points at infinity. So these points hafiéne coordinateg andy
respectively. But sincg —Yy; = 0 fori =1, 2, 3, we knowk =y and thaix is a scalar

multiple ofy contradicting that they form a basis far [ |

This observation gives rise to a natural parametrization of the line given bylitcké?l

coordinates. The following parametrization is taken from Duduet.

Definition 7.4.3 For an gfine line with Plicker coordinatgg;;), where¢ = (u,v) we
define M: : F — F3as
uxv u

A—. 7.4.2
ww (7.4.2)

Mf(/l) =

The above parametrization yieldfiae coordinates for allfine points contained i\
The starting point\/If(O) Is the point on the line nearest the origin, and this
parametrization has unit speed. §fJ are Plicker ray coordinates for an oriented line

¢ = AV B, then( is parametrized in the direction from A to B.
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Since Plicker coordinates are defined up to a (positive) scalar multiple, we can scale the
Plucker coordinatest(), to obtain other Ricker coordinates() for the same oriented
line such tha¢’ = (u,v) and

Mf/(/l) =UXV+Au. (7.4.3)
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Chapter 8: Study Coordinates

8.1 Introducing Study coordinates

We have already established thaifiéker coordinates are useful for many things, but there
is a basis foiF® that diagonalizes our quadric and has other nice properties that merit

consideration.

Definition 8.1.1 Lety be the ordered basis for%given in terms of the standard basis

B = {ey,..., e} as follows:

:(e1+e4 ©+6 &+6 e1-€ &6 93—66)

o Vi Vi i Vi vz (6.1.1)

Because we are generally only concerned with whether or not our oriented line is
positively or negatively oriented and are likely to normalize the result, we can generally
ignore the positive constant fact% in the basis for computational purposes. The square
of the change of coordinate matribql is the identity matrix, so we can go back and forth
between bases by adding and subtracting terms as indicated, but if we drop the constant
factor then we return to afilerent set of Ricker line coordinates for the same (oriented)
line when we apply it a second time.

We motivate this choice of basis by the observation that under this basis, the matrix

representation for the bilinear form underlying thédéKer quadric (given by
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Definition 7.1.]) is diagonalized to the following form:

Iz 0
[B], := . (8.1.2)

0 -3

This reveals that the quadratic spack E®) is of signature (33), which was obscured

when we were looking at it under the standard basisfor

Definition 8.1.2 If (&;) are Plucker ray coordinates for the oriented lifigthen we refer

to the column vectdg], asStudy coordinatesor ¢.

8.2 The Study representative pair

To further motivate this choice of basis as a means to describe a line, we make the
following observation.

If we fix an arbitrary pointP in PG(3, F) and then consider a ling v B, then the lines

AV P andA vV Bintersect the hyperplarfé® at a pair of “representative” points, which can
be used to describ& v B.2 If AV B containsP then both representative points are the
same point.

In particular, we have already singled out the vegiptaken from the standard basis
(8o, B1. B2, B3) of F# as orthogonal to our hyperplane at infinity, so we choose to recycle it
here. That way both of these “representative” points are contained in the hyperplane at

infinity, and so both of them are points at infinity.

Definition 8.2.1 We define th&tudy representative paiP,; P,} in terms of the Study

coordinates for an (oriented) line to be the (oriented) points at infinity with the
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homogeneous coordinatasandv, where

"
U 0] 0]

Clota, u=| o= (8.2.1)
Vi Uz V2

Vo »U3_ »V3‘

,V3_

It can be shown by means of @brd transformations that the Study representative pair is
precisely the representative pair formed when we choose the point contgjésghe
arbitrary fixed point and represent the lidev Y by intersecting the lineX v Pg, and

P, V'Y with the hyperplane at infinity. For proof of this see Coxét@his motivates the

term Study representative pair and the choice to represantv as points at infinity.
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Chapter 9: Working with Study Coordinates

9.1 Lines at infinity

Theorem 9.1.1 A line ¢ is a line at infinity if and only if its Study representative pair is of

the form{U; -U}.

Proof: (=) Recall that the Ricker coordinatest() of a line at infinity are all of the form

¢ = (0,v). So the associated Study representative pair muRh®_,} = {Py; —P,}.

(&) Assume that the Study representative pair is of this form. Thekelr coordinates
(&;) for a line with Study representative péi,; —Py} can be found by changing basis
from our Study representative pair. The coordinates of such a line are

&= (Uu-u,u+u)=(0,u), so{Py; —P,} represents a line at infinity. [

9.2 Line interactions in Study coordinates

Changing basis does ndtect the relative position of points and hyperplanes, so we can

compute the side operation directly in Study coordinates:

Theorem 9.2.11f £ and ¢’ are oriented lines with Study ray coordinafe$, and[¢],

respectively, then

0t = sgn(El, [Bl,[€],)- (9.2.1)
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Proof: The matrix representation of the bilinear foBrtaken from Equatiof7.1.1above
is
B(f?fl) = fT [B]ﬁ ‘f/7 (922)

where B]; is the matrix form ofB relative to the standard bagis Rewriting this in terms

of the new basis, we obtain

B(£,&) =& [Blp¢’
= £'[IVIBL I

= ([11;6)"[Bl,[£'],- (9.2.3)
= (&) [Bl,[€7],
= [¢]}[Bl, €],

Substitute this result in the definition for [ |

We use this to establish yet another way to calculaté

Corollary 9.2.2 Given a pair of oriented lineg and¢’ with Study line coordinates
[£], = (p,q) and[£'], = (r, ) respectively wherp, g, 1, s € F3 their relative orientation
¢o¢’ can be calculated by

Lo = sgnfp,r) —<q,s)). (9.2.4)
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Chapter 10: Arrangements and Raycasting

10.1 Arrangements
We borrow the following definition from Halperih.

Definition 10.1.1 Let A be a finite set of hyperplanes Rf'. Then the hyperplanes i
induce a decomposition & into connected open cells called tagangementA(FH). A

cellin A(‘H) is a maximal connected region Bf not intersected by any hyperplanes.

Definition 10.1.2 We define @losed cellC’ to be the expansion of a cell C to include all

of its boundary point9C. We call C theclosureof C.

Every closed cell associated with an arrangen#étt{) can be constructed by intersecting
halfspaces associated with the hyperplaneX(i) by choosing for everyI € H, one of
H} or H; and then intersecting the selected halfspaces. Because a closed cell contains all

of its boundary points, it is a closed set.

Definition 10.1.3 Given a finite set of triangles T IRG(3, R), we obtain a set of

hyperplanes ifR® by setting

Hr = {n(¢) : £is aline that contains an edge of a triangle ih T (10.1.1)
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Definition 10.1.4 We refer to the open set of points in a plane that is bounded by a set of

three distinct pairwise incident lines as apen triangle

Definition 10.1.5 Given an open triangl& we define &losed triangleA’ to be the
expansion oA to include all of its boundary poin®A in the plane, and we cali’ the

closureof A.

Claim 10.1.6 Let¢ be an oriented line and let A, B, and C be positively oriented points.
Let/; = AV B, =BV C,andé; = C Vv A. LetA be the open triangle formed by

[€1], [€2], |€3]. Thent intersectsA if and only if
e {0¢; > 0holds forallie {1,2,3} or

e (0l <Oholdsforallie {1,2,3}.

Claim 10.1.7 Let¢ be an oriented line and let A, B, and C be positively oriented points.
Let/; = AV B, =BV C,andé; = C Vv A. LetA’ be the closed triangle formed by
1€1], |€2], |€3]. Thent intersectsA” if and only if

e (0f; > 0holdsforallie {1,2,3}or

e (0f; <0Oholdsforallie {1,2,3}.

Definition 10.1.8 Given a set of planar points,;P..., P, specified in either clockwise or
counterclockwise order on a plane we definedpen polygomA(Px, ..., P,) be the open

set of points bounded by the lines\PP;,; and R, v P, where i€ {1,...,n—1}.

Definition 10.1.9 Similarly we refer to the expansion &{Py, ..., P,) to include its
boundary points in the plane as tosed polygom\’(Py, ..., P,) and callA’ (P4, ...Py) the
closureof A(Py, ..., Pp).
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Definition 10.1.10 Given a set of planar points,:P..., P, specified in counterclockwise
order on an oriented plane we define thigented polygomA(Px, ..., P,) to be the set of
oriented points bounded by the oriented lingsyAP;,, and B, v P, where ie {1, ...,n— 1}

and we take the orientation of our oriented polygon from the orientation of our plane. We
defineclosed oriented polygonsndopen oriented polygonbased on whether or not we
include the boundary points as above, and refeopenandclosed oriented triangleby

a similar construction.

Given the same points in clockwise order, we obtain an oriented polygon with the same

boundary, but opposite orientation.

Theorem 10.1.11Let T be a finite set of open trianglesR&(3, R) and¢; and ¢, be
oriented lines iMOPG(3, R). Let Ce A(H7). If p(¢1) € C and [¢,) € C then|¢y|, and|{s

intersect the same open triangles in T.

Proof: Assume thap(¢,) € C, p(¢2) € C and that/; intersects the open trianglein T.

Let the oriented lined, A,, Az constructed as in Clairh0.1.7be the edges af. Because
{1 intersectsA we know that eithef;0A; > 0 holds fori = 1, 2, 3 orf10A; < 0 must hold
fori=1,2,3. Without loss of generality, assufi®A; > 0. Yet p(¢,) lies in the same set of
open half-spaces g%¢1), sof,0A; > 0 holds fori € {1, 2, 3}. Thereforef, also intersects

A. See Pellegrint® p.8 for an alternate proof. |

Corollary 10.1.12 Given a finite set of open triangles T RG(3, R), if p(¢1) isinacell C
of A(H+) and g¢») is contained in the closure of C affi| intersects an open triangle,

then|¢,| intersects the closure .

We can extend both of these results to convex polygons by noting that any convex polygon

can be constructed by intersecting a number of triangles in a plane. Similarly they can be
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extended to nonconvex polygons by first subdividing the polygon into convex regions.

This yields the following definition:

Definition 10.1.13 Given a finite set of polygons T BG(3, R), we obtain a set of

hyperplanes iR® by setting

Hp = {n(¢) : ¢is a line that contains an edge of a polygonin T (10.1.2)

With this definition, a minor generalization yields the following two corollaries for

Theorem10.1.11

Corollary 10.1.14 Let® be a finite set of open polygonsR&(3, R) and ¢, and{, be
oriented lines iINOPG(3, R). Let Ce A(Hp). If p(£1) € C and f{¢,) € C then|ty, and|ty)

intersect the same open polygon#in

Corollary 10.1.15 Given a finite set of open polygofsin PG(3, R), if p(¢1) is in a cell
C of A‘Hp) and [¢>) is contained in the closure of C anf]| intersects an open polygon

A in P, then|{,| intersects the closure a.

10.2 Raycasting

Assume that we have a three-dimensional scene constructed with a number of closed
convex planar polygons. In this context, the problem of raycasting concerns itself with
finding polygon intersections along a particular line.

For the purposes of this section, we will assume that the scene has been partitioned into
convex polyhedra whose interiors are pairwise disjoint, such that all polygons in the scene

are faces shared by these polyhedra. Furthermore, we assume that we can construct a
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graph (thescene graph with polyhedra as nodes and the faces that do not represent
polygons in our original scene as edges. We refer to these fapestats. There are a

number of algorithms in computational geometry to construct this data structure; the most
obvious one is to use a binary space patrtitioning tree (BSP tree). Finally we will assume
that the edges of the faces can all be retrieved in counterclockwise order, from the
perspective of outside the polyhedron, so for any given node in the scene graph, we can

concern ourselves entirely with oriented polygons.

Claim 10.2.1 If we have the oriented linéand a convex closed oriented polygon

N (€4, ..., €n), Wherety, ..., £, are oriented lines, theff| intersectsA’ if and only if
e (0¢ > 0holdsYiin {1,...,n}or

e {0 <0holdsYiin {1,...,n}.

Furthermore, if we know the orientation of the line and the direction of winding of the
polygon, we can get by with having to test only one of these cases as follows:

Consider the case we just described involving our polyhedral scene. If we know that an
oriented line stabs into one of our polyhedra through one of its faces, then we know that it
has to stab out of the polyhedron through another of its faces, and since we partitioned all
of the space into convex regions, ignoring the case where our region is unbounded, it must
then stab into one of the neighboring polyhedra via one of its portals or intersect a
polygon from our original scene that is a face of the current polyhedron. And so, we need
only test against the incoming portals of each of the neighboring nodes excluding the one
we stabbed in from. We know these portals will be oriented counterclockwise. If none of
these are intersected, then the ray intersects a polygon attached to the current node.

Appealing to the right hand rule, this means that if the portal of the neighboring node has
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edgedy, ..., £, in counterclockwise order, then we only have to verify thg > 0 holds
fori € {1,...,n} and can ignore the other case.

The analysis in this section has been primarily directed at establishing results for the
following section. Far moreficient algorithms exist for solving these queries. See

Pellegrint? for more information.
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Chapter 11: Stabbing Lines

11.1 Stabbing sets of lines

Definition 11.1.1 If a line ¢ intersects a set of points X, then we gastabsX.

Definition 11.1.2 Given a set T of sets of points, whérmtersects every setin T, we say

that the linef is astabbing linefor the set T.

Clearly the concept of a stabbing line and the concept of transversal are related. However,
while every transversal of a set of lines is a stabbing line for the same set, the converse is
not true.

The first class of problems that we will consider involves questions pertaining to the
number of lines that exist that stab a particular set of lines in space. One problem in this
class was tackled by Teller and Hohmeyddetermining the lines stabbing through four

lines in space), and the solution is built upon in Teller’s dissert&timnvery useful &ect.

Some of these results can be obtained by purely geometric means as well. However, they
serve to develop additional properties we exploit when working witlclkdr and Study

coordinates.

Lemma 11.1.3 Let¢ and¢’ be distinct lines with Plicker line coordinatés;) and(gij)
respectively. 7o = 0theng& and£’ are not contained in a quadratic subspace of

(Q, F®) with signature(1, 3) or (3, 1).
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Proof: Assumef and¢’ are distinct lines with Ricker line coordinates() and Gi])
respectively such thak¢’ = 0 and thag and¢’ lie in a quadratic subspace of signature
(1, 3). We know thaB(¢', &) = 0, and becauséand?” are linesQ(¢) = Q&) = 0.
Applying Lemmab.3.2we see thaf = C£’. This implies that = ¢/, which contradicts
the assumption thd@tand¢’ are distinct lines. Similarly we can employ Corolld.3to

handle the case where the signature j4)3 [ |

Here we adopt the convention thdtrefers to thenth vector in an ordered set, as opposed
to raising tonth power, so that we may refer to the components of our vectors or to

particular matrices and have the meanings of the subscripts be unambiguous.

Lemma 11.1.4 Given a setf = {¢4, ..., {4} of lines INPG(3, R), if two lines inL intersect,

then there exists a stabbing line fgx.

Proof: Without loss of generality, assundeand¢, intersect aP. Then{; and{, must
either be skew or not skew. If they are skew, then there exists a line interségtingand
P. Otherwisefs and/, lie in a plane, and hence there exists a pQnhcident with both

{3 and¢,. ThenP v Q intersects all four lines. [ |

Definition 11.1.5 For notational convenience in the following proofs we define
B’(a,b) := a'[B],b. (11.1.1)

Lemma 11.1.6 Given four lines irPG(3, F) with linearly independent Plucker line
coordinates, there are either zero, one, or two lines that intersect all four. If there are two

lines, then these lines do not intersect each other.

Proof: Let (§i'j‘), wherek € {1, ..., 4}, be Plicker line coordinates for four lines PG(3, F)

where the four vectorg', ..., ¢* are linearly independent. Létbe a line with Plicker line
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coordinatesj;) that intersects all of them. Then we obtain koz {1, ...4} that

(£97BE = 0. (11.1.2)

We also know that

E'BE=0 (11.1.3)

must hold for¢ to be a line. Changing basis to view this problem in Study coordinates, we

see that if we let, v¥) = [fk]y, then the following constraints must hold:

Algly = [£1, = 0. (11.1.4)

Since the Ricker line coordinates (and hence the Study coordinates) of our lines are not
linearly dependent, dim(kehj) = 2. Choose an orthonormal ordered basis §?) for

ker(A) that diagonalizes the quadratic form as in DefinitioB.1 Any solution [], must

be a linear combination of the elements of this basis¢bo+ an® + bn?. Inspecting the

possibilities for the matrix = (B(n', n!)), we have one of the following cases:

10 0 0 1 0
C== , C= , C= (11.1.5)

01 0 +1 0 -1|

The first case is anisotropic and admits no nonzero solutions. In the second case
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£ € spanint}. In the last case iff], = n' + n? then

B'([£],.[€],) = B'(n* £ n?,n' £ n?)
= B’(n%, n? £ 2B’(n%, n?) + B’(n% n? (11.1.6)

=1-1=0

so in this case there are two lines that intersect our four given lines. To see that these lines

do not intersect each other, consider

B'(n'+n?%n'-n? =Bn,nY)-Bn*n?)=1-(-1)=2=0. (11.1.7)

So there are zero, one, or two lines that intersect four lines with linearly independent

Plicker ray coordinates, and these lines do not intersect. [

Lemma 11.1.7 If the line¢ stabs the sel = {4, ..., £y} of lines iNnPG(3, F) then¢
intersects any line with Study coordinates that are a linear combination of the Study

coordinates for lines in..

Proof: Let¢ be a line inPG(3, F) with Study coordinatest],. Let [¢4],, ...[€,], be Study
coordinates for lines i. Supposé stabsL. Then E],[B],[£;] = 0 holds fori € {1,...,n}.
Linearity yields that§],[B],[£'], = O for any&’ that is a linear combination &, ..., &,..
Hencef intersects any line with Study coordinates that are a linear combination of the

Study coordinates for lines 4. [ |

Corollary 11.1.8 If the line¢ stabs the sel = {{4, ..., {;} of lines inPG(3, F) then¢
intersects any line with Plicker ray (or axial) coordinates that are a linear combination of

the Pliucker ray (or axial) coordinates for lines if.
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This allows us to discard the individual lines in the getf lines inPG(3, F) and simply

test for intersection against any arbitrary basis for the span of their Study coordinates.

Corollary 11.1.9 Let £ be a set of lines i®G(3, F). Lets = {B,, ..., B,,} be a basis for the

n-flat

\/ p(0) (11.1.8)

tel

in PG(5, F). If a line ¢ with Study coordinatel], satisfies

[B1;[Bl,[£], =0 (11.1.9)

fori € {0, ..., n}, thent stabs..

Note that the basis vectors in the above corollary need not actually satisfylitiePI

quadratic form themselves, and so may not represent lines in space.

Theorem 11.1.10Let £ = {{4, ..., {4} be a set of lines iPG(3, R) with Plucker ray

coordinateg£) and consider thd x 4 matrix (B(£', £')).

If |B(£', £')| < 0, then there is no stabbing line faf.

If |B(&', £))] = 0andé?, ..., £* are linearly independent then there is exactly one

stabbing line forZL.

If |B(&', £)| > 0, then there are exactly two distinct stabbing lines for

If IB(£', £))| = 0andé£?, ..., £ are linearly dependent then there exists an infinite

number of distinct stabbing lines fag.

Proof: LetS = (Q,spané?, ..., &%) be a quadratic space wheQes the Plicker quadratic

form. Letd represent the entries on the diagonal of the diagonalized forB(&f, £)).
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The trace of B(£', £))) is the same aB(£', £')| up to a positive scalar multiple, so we need
only consider the produétof the factors ind.

Let S* denote the quotient space of vectors fraR®) orthogonal taS underQ.

If 6 <Othend = (1,-1,-1,-1) ord = (1,1,1, -1). HenceS has signature (B) or (31).
Because, F°) has signature (3), it follows that the quotient space has signatur®)2

or (0, 2). In either case, the quotient space is anisotropic, so there can exist no lines with
Plicker ray coordinates contained in it. So no lines can exist that/stab

If 6§ > 0thend = (1,1, -1,-1), soS has signature (2) and the quotient spa& must

have signature (11). Lets = {B,, 8,} be a basis for the quotient space. Then

Q(By + B1) = Q(B, — B1) =0, soB, + B, andB, — B, can each be used to specify matrices
of Plucker ray coordinates for the two distinct stabbing line€oExcluding scalar
multiples, any other vector either fails to satisifyQ(v) = 0, and so does not represent a
line, or does not lie in the quotient space and so its associated line does nét stab

If 6 = 0 and dim§) = 4 thend contains a zero, in which case the quotient space has
signature (01) or (1, 0). Then the basis vector for the quotient space that maps to zero
underQ can be used to specify a matrix oftieker ray coordinates for a line that stabs

If 6 =0 and dim{) < 4 then there are at most three linearly independent lines among

{1, ..., {4. FOr fewer than three linearly independent lines, finding a stabbing line is trivial,
SO0 we move on to consider the case where three are linearly independent. Without loss of
generality assume théf, ..., {3 are linearly independent. Then eithgr..., £3 are skew or

they are not skew. If they are not skew, then two of them lie in a plane, and hence share a
common point, so a line through that point and any point on the remaining line Stabs
Otherwise, every point ofy yields a unique transversal of the regulus formedby., ¢s.

In either case there are infinitely many lines that stab every line in the set. [
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Lemma 11.1.11Given four lined, ..., £4 in PG(3, R) with Plicker ray coordinateg-‘i'j‘

respectively, if two lines frorty, ..., £,} intersect thenB(£', £')| > 0.

Proof: If two lines in¢y, ..., {4 intersect then they cannot lie in a quadratic space of
signature (13) or (3 1). Therefore the diagonal of the diagonalized formB({, £'))
cannot be (1-1,-1,-1) or (1, 1,1, -1), which are the only cases in which the
determinant is negative, so the diagonal must either contain a zero, in which case the

determinant is zero, or it must equal {1-1, —1), which is greater than O. [

Theorem 11.1.12The number of lines that intersect every member of a set of lines in

PG(3, R) is either zero, one, two, or uncountably infinite.

Proof: Let £ be a set of lines iPG(3, R). Let @i'j‘) be Plicker ray coordinates for the

lines in£. LetU be the quotient space of(IR®) with respect tc{f"}ﬂzl. SinceU is a

guadratic subspace, we appeal to Theotefnlto determine that there are zero, one, two

or an uncountably infinite number of one-dimensional linear subspaces, suchetit
impliesQ(u) = 0. Given any such subspace, any nonzero vector contained in it determines
the Plicker ray coordinates for the same line, and each subspace maps onto a distinct line,
so there are zero, one, two or infinitely many lines that intersect every member of a finite

set of lines. [ ]

These results enable us to consider the second class of stabbing line problem, which

involves finding lines that stab through sets of polygons.

11.2 The extremal stabbing line theorem

Definition 11.2.1 We define aextremal stabbing lindor a set of polyhedra to be a line
that intersects every polyhedron in the set and intersects four of the edges of the polyhedra

in the set.
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This is somewhat contrary to a similar definition given by Pellegrimhich also includes
the stipulation that the stabbing line must be tangent to every polyhedron in the set.

The following theorem motivates the consideration of extremal stabbing lines.

Theorem 11.2.2 (Extremal Stabbing Line TheoremLet® be a set of open polygons,
where® contains more than one polygon. 1#tbe the set of the closures of polygons in
P. If there exists a liné that intersects every polygon , then there exists a ling that
intersects every polygon & and intersects four of the lines that border those polygons,

of which at most two lines come from any given polygof.in

Proof: Assume there exists a stabbing lifitor a set” of open polygons and that

contains more than one polygon. Thelres in a cellC of the arrangeme(Hp).

We will make heavy use of the following construction in order to justify the fact that we
can pivot our line around a point while moving the other point in a constant direction
within one of the polygons @P (or one of the edges of those polygons) until we intersect
an edge of one of our polygons, either by having moved to the boundary of the polygon in
which we are moving, or by the act of pivoting causing our constructed line to intersect a
line on the boundary of another polygon somewhere along the way.

Let Lxy : X — Lxy(X) be a continuous one-to-one parametrization of the line segment

betweenX andY such thatyxy(0) = X andLyy(1) = Y. Let

M(X,Y,Z,C) = {x € [0,1] : p(Lxy(y) V Z) € C', ¥y < X}, (11.2.1)

whereX, Y, andZ are points, Z not contained in the lideVv Y, Y is a point such that(Y)
is one of the hyperplanes in the arrangement that conta@jrgndC’ is a closed cell
containingp(Lxy(0) v Z). Then because @ M(X, Y, Z,C’) impliesM(X, Y, Z,C’) is not

empty and by construction it is bounded above by 1, we knowM{ Y, Z, C’) exists.
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Moreover by the closure of the sets and continuity of the operations involved,
supM(X,Y,Z C’) € M(X,Y,Z C’). This tells usp(Lxv(supM, X, Y, Z,C")) v Z) € dC, so

this point lies on a hyperplane borderi@g Let £(X, Y, Z,C’) denote the line ifPG(3, R)
represented by this point and legX, Y, Z, C’) denote the line represented by this
hyperplane.

Let A, andA, be distinct open polygons A, let P be a point ort in A, and letQ be a
point on¢ in A,. Choose a poin®g in dAn,. Let; = ¢(P, Py, Q,C’) and

la = L(P, Py, Q,C’). Thent10f;, = 0 andéy, € C'.

Let A, be a polygon ir? bounded in part by,, let P; be a vertex of\; contained irY,, let

P, = €1 A €5, and letH; denote the set of four-dimensional hyperplanes obtained by
intersecting the hyperplanes ®fy\{r(f,)} with the hyperplaner(f,). LetC| = C' N n(¢a).
ThenC is an intersection of closed sets and so is closed. Further@jdsea closed cell

in the arrangemeni(H,). Let A; be polygon distinct froni\, andQ, be a point common
to £1 andA;. Lett, = €(P,, Py, Q1, C)) andéy, = L(Pa, P1, Q1,C). Then

{00, = (06, = 0 andt, € C'.

If P, € £,, thené, intersects two edges of the same triangle. Otherwise, it intersects one
edge on two distinct triangles. In the former case, wdfixo avoid losing contact with

the two edges we have contacted so far as we did @itiefore, and repeat this process to
move a point on a dierent triangle towards its edges to make contact, yielding a line
incident with three edges, and then move the line within the edge we reach to contact a
fourth edge. In the latter case, we fix one point and pivot within the other line segment
until we intersect another line, then repeat with the other.

In either case, we obtain a liféthat intersects each of four linég ..., {4 that border the
polygons ofP, and have” € C’, so¢’ intersects the closure of each polygorfin

The only case that requires further explanation is when this procedure results in the
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intersection of our constructed line with three lines from distinct triangles. In this case,
either the three lines are all mutually skew or they are not all skew.

If they are not skew, then two of them line in a plane, and the other must intersect this
plane at some poirR. Moreover, in order for our line to stab through all three it must line
in this plane and already pass through the pBiand both lines. So in this case we pivot
around the poinP, while heading towards one of the vertices of a triangle bounded in part
by one of the other two lines.

Otherwise, the three lines are all skew, so we have a regulus. We construct our
parameterization as before, moving along one of the lines in the regulus towards a shared
point, but instead of pivoting around a point as we have done so far, we map this point to
the transversal of the regulus passing through our parameterized point and appeal to the
continuity of this mapping.

See Teller and Hohmey&for an alternate proof. |

More succinctly, given a line that stabs through interior of each polygon in a set of closed
polygons, we can adjust the line until it intersects four of the edges of those polygons, in
such a way that it will still intersect those closed polygons. As a result of this process, the

intersections with the newly constructed line may occur on their boundary.

11.3 Stabbing sets of oriented polygons

Recall from the discussion of ray-casting in the previous chapter that we can employ the
structure of a scene that is decomposed into cells to have to consider only one of the two
possibilities when stabbing polygons in a scene. This is one of many contexts that gives
rise to the problem of trying to find out if there exists a line that can stab through a set of

oriented polygons.
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By stabbing a set of oriented polygons, we mean that we know that if the line stabs
through the first polygon by satisfyir®¢; > 0 for each edgé of the polygon, then it

will stab through every other polygon in the set in the same manner. In other words, no
intersection test with an oriented polygon with edgesom the set will requirgot; < 0

to hold for all edges.

Determining whether or not there exists a line that stabs through a set of oriented polygons
at first appears to be an exercise in root finding. We are interested in whether or not there
exists a roo¥ to the Plicker quadric in a region defined by a number of linear constraints,
given in the form of the Ricker ray coordinates* of the edges of our polygons. In other

words, we are searching for a solution to

E'[Blg =0 (11.3.1)

subject to the constraints

(€9T[B]s£ > 0, (11.3.2)

forke {1,...,n}.

This is similar to a quadratic programming problem. We know that the diagonal foBn of
has signature (3). Our underlying quadratic form is neither positive semi-definite nor
negative semi-definite. This means that traditional convex quadratic programming
techniques are not useful. There exists a technique called Ritter’s cutting plane friéthod
for solving non-convex quadratic programming problems that can be modified to solve
this problem. However, Ritter's method works poorly in spaces with multiple positive and
negative eigenvalues.

We appeal to the contrapositive of the Extremal Stabbing Line Theorem to transform

some of our inequalities into equalities. If there does not exist an extremal stabbing line
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for our set of polygons, then there does not exist a stabbing line for the polygons.

We don’'t know necessarily which edges will be equalities, but even naively there are at
most(}) possibilities fom edges. We do know that at most two of them can come from the
same polygon, and if we will be performing many of these checks on related polygon sets,
we can use dynamic programming techniques to retain the constructed basis for the
guotient space of a given set of equalities.

So withn polygons, that have at mosedges each, we consider

[lae G2 e was

cases or, more conciset9(n*) cases if we approach the problem in the most

straightforward manner. This happens since we can have either four edges from distinct
polygons, two consecutive edges each from two polygons, or two consecutive edges from
one and one edge each from two others. In literature on the subject, these cases are
typically labeledEEEE, VYV, andV EE respectively, wher® andE indicate whether each
intersection occurs along an edge or at a vertex. Note that when we are selecting two edges
from the same polygon, we have to choose only one, because they must be consecutive.
Now, ignoring degenerate cases, the problem simply becomes a matter of choosing four of
our edges to consider as equalities and finding an orthogonal basis for our quotient space
so that Equatioril.1.6holds and testing whether or not one of our two candidate

solutions satisfies the remaining inequalities associated with our other polygon edges.

If one of the candidate solutions satisfies all of our inequalities, then there exists a line that
stabs through the supplied set of oriented polygons and you know one of the extremal
stabbing lines for the polygon set.

If none of the candidate solutions pass the system of inequalities, then there does not exist
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a line that stabs through the polygon set, by the contrapositive of the extremal stabbing
line theorem.

For simplicity, we have ignored the cases where numerical degeneracies and edges lying
in the same ruled surface cause the proposed algorithm to fail when implemented in
software. Usually we are concerned with obtaining a conservative approximation of
visibility in the scene. When unable to calculate a 2-dimensional orthogonal basis for the
quotient space due to linear dependence betgéen, £4, one can appeal to “jittering” to
enlarge one or more of our polygons slightly to break linear dependence. Similarly, it is
not practical to calculate exactly in computer graphics, so similar compromises are
typically made by normalizing our Btker coordinates and allowing a smaliegion

around zero to count as equality in intersection testing.

11.4 Applications of quadratic programming

Ritter's cutting plan&**finds global minima of a quadratic form subject to linear
constraints. It accomplishes this by finding local minima and restructuring the problem
into one involving a new quadratic form and constraints that do not contain each local
minima in turn. It includes special handling for the cases where the values obtained by the
guadratic form are unbounded in the constrained region.

Its primary weakness is that it can be very slow when working in quadratic spaces of
signature (n,m) where > 2, m > 2 gracefully.

However, we are concerned solely with knowing of the existence of a roofffiktesi for

our purposes to find a single vector that evaluates to 0 under the quadratic form. If we find
any pair of vectors in our quadratic subspace of which one yields a positive value and the
other a negative value under our quadratic form, we can appeal to the intermediate value

theorem to know that there must exist a vector that can be obtained by interpolating
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between them that satisfies our constraints. Since the region is convex this vector must
satisfy our constraints.

To overcome the problem with signature, we can fix two of our constraints as equalities in
the same manner as we fixed four of them in the previous section. The resulting quadratic
subspace will be of signature,@), (3 1) or (2 2). In the former two cases we may now
freely employ Ritter's method. In the last case we must fix a third constraint in order to
employ Ritter's method, and because we would have to take at least as many operations as
it takes to evaluate the fourth constraint to use Ritter's method, we simply mark this case
for later processing and try the next selection. If we exhaust all of our possible constraints,
then we come back to the ones we marked and apply the procedure described in the
previous section.

Because Ritter's method finds numerous local minima on the way to finding the global
minimum, we can stop as soon as we find a local minimum that evaluates to less than zero.
If it tells us that the quadratic form is unbounded below on constrained region, we know
there exists a point inside of it that evaluates to a negative value. If it yields a global
minimum greater than zero, then this combination of fixed constraints has no solutions.
Then we apply our modified form of Ritter's method to obtain a local maximum that
evaluates to greater than zero in the same region or to determine if a point exists that
evaluates to a positive value. Similar to before, if Ritter's method yields the global
maximum less than zero, then this combination of fixed constraints has no solutions.

With both of these points in hand (or at least knowledge of their existence) we can appeal
to the intermediate value theorem to obtain the fact that a solution exists.

While the theoretical upper bound on the number of operations is at least as high as in the
previous case, this method is more likely to yield a solution early in the processing.

Furthermore, as we are only forcing the solution to coincide with two of the edges, we
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have fewer numerical stability problems.

11.5 Accelerating the search for stabbing lines

An alternative hybrid approach is to take the Las Vegas approach of checking to see if the
first local maximum and minimum obtained by an arbitrary quadratic programming
algorithm such as Beale’s algoritBrare on diferent sides of zero and appeal to the
intermediate value theorem to obtain an early answer before we turn to the approach from
Section 11.3. In the event of a hit, this process can gain a considerable performance
benefit for a low amount of additional overhead.

However, unlike the first method given, these quadratic programming methods cannot be
used to exhaustively enumerate the extremal stabbing lines for a set of polygons, a process

that is important for constructing structures such as Durand’s visibility skefeton.
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Appendix A: Assorted Theorems and Observations

Finally, we would like to point to a number of miscellaneous theorems and conjectures
that tie in nicely with the other work here on Study coordinates, but that are of only
cursory interest or would have required the inclusion of too much supplementary material

to be dfectively presented here.

A.1 Plucker and Study coordinates for polar lines

Lemma A.1.1 Let¢ be an (oriented) line OPG(3, F) with Pliicker ray coordinates
(&j)- Then the Plucker axial coordinat€s;;) for its orthogonal complemert are the

same agéij) up to a nonzero (positive) scalar multiple.

Proof: Let¢ =P, v P, be an (oriented) line i®OPG(3, F) with Plicker ray coordinates
(&)). Let () be the Plicker axial coordinates @f'. Because a correlation preserves
incidencer® = P;, A P, = I, A Il,,. The Plicker axial coordinates df, A II,, are then
specified in terms of the minor determinants of the 2 matrix with rowsv andw. A
matrix of PLicker ray coordinates farare defined by the same determinants, so

(&) = C(&;) for a nonzero (positive) scal@r. [ |

Corollary A.1.2 If (&;) are Plucker ray coordinates for a linein OPG(3, F) and

£=(u,V), (A.1.1)
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whereu, v € F3 then a matrix of Pliicker ray coordinat@j) for £2 is determined by
& =(v,u). (A.1.2)

Proof: This is an immediate consequence of the previous lemma and ThéoBein

Theorem A.1.3 If {P,; Py} is a Study representative pair for a lidethen{P,; —-P,} is a

Study representative pair for the lifé, which is the orthogonal complementto

Proof: Recall that ifé = p(¢) = (a, b) thenp(¢*) = (b, a). Expressing these in terms of
the new basis, we obtain the representative Q&4s,; Pa_p} and{Pa,p; Pp_a} respectively.

A.2 Isotropic vectors in the quadratic spaceQ, F®)

Study coordinates are homogeneous, so a positive scalar multiple of a column of Study
coordinates for an oriented line is also a column of Study coordinates for the same
oriented line. This allows us to normalize our Study coordinates to obtain a more useful
form. We make the somewhat odd choice to normalize them so that the magnitude of each
column of Study coordinates i2 and investigate the consequences of this choice.

We would like to pause for a moment to consider what the space of points oniitieePl

guadric looks like at a high level.

Theorem A.2.1 The space of isotropic vectors in the quadratic spé@eF®) is the

Cartesian product of two spheres.
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Proof: Let ¢ be aline with Study coordinateg]|, = (ui, U, Us, V1, Vo, V3) of magnitude
V2. The values ofi andv have to satisfy two equations and contain six unknowns. The
first equation

W+us+Uui-vi-Vva—-Vv3=0 (A.2.1)
is derived from the quadratic form. The second comes from the normalization, yielding
U+ U5+ U3+ V2 + V3 + V5 = 2. (A.2.2)
Since
U2+ U5+ U5 = V2 + V5 + V3, (A.2.3)

we really have two equations,

W+us+ui=(uuy=1 (A.2.4)

and

VZ+V2 V2= (v, V) = 1. (A.2.5)

And so the space of isotropic vectors @, F°), which are of magnitude/2, is the same

as the set of points on the product of two spheres.

With this recognized, we can remove the requirement that the magnitude of each vector be
V2, and simply interpret the vectossandv as homogeneous coordinates for two points

on a sphere. [ |
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A.3 The space of lines in PG3, F)

A note should be made about the number of dimensions of information present in the set
of lines inPG(3, F). We use a vector with six components to represent an (oriented) line

¢, but because we identify (nonzero) scalar multiples, tkecéively lose a dimension of
information to homogeneity. Moreover, becaygé) must lie on the Rlcker quadric, we

lose another dimension of information. So in essence there are only four dimensions of
information present in an (oriented) line in a three-dimensional space, yet we encode them
with six codficients. This explains why the “screw coordinates” used in robotics
engineering are able to pack two more dimensions of information into the same six

codficients.

A.4 Assorted results from other sources

These theorems are taken from other sources and are cited without proof with references

to where to find more information on these topics.

Theorem A.4.1 (Coxete? p.147 Theorem 7.64If two non-parallel lines are represented
by Study representative paifd; B} and{C; D} then the two common perpendiculars are
represented together B¥; F} and{E; —F} where E and F are the intersections of the

lines(Av C)* and(B v D)* with H™.

Theorem A.4.2 (Coxeter p.152 Theorem 7.84wo lines are parallel without necessarily

intersecting if and only if one intersects the polar of the other.

Remark A.4.3 This ties into the other theorems here by giving us a test for

perpendicularity between two lines with Study coordinféels and[£],. These two lines
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are perpendicular (possibly without intersecting) if

[¢],[€], = 0. (A.4.1)

Theorem A.4.4 (Coxeter p.152 Theorem 7.8Rrbitrary rotations and translations of
oriented lines iNOPG(3, F) can be represented in terms of quaternion rotations as a
rotation applied to each of the line’s Study coordinaf®g; P,} by a pair of unit

guaternions s and t, where s represents rotation, and t translation. We obtain the Study

coordinateq P, ; P/} for the transformed line as follows:

u =sus?t Vv =tlut (A.4.2)

More recently an article by Weiner and Wilkidseviewed a similar mechanism to
transform vectors if4, which by extension performs a similar operation on points and
planes inOPG(3, F) as well. This is primarily of interest because it indicates that we can

translate and rotate lines without having to return to a point representation.
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Appendix B: History

B.1 Past

Julius Plicker (1801-1868) was a German mathematician and physicist who made many
contributions to synthetic and analytic geometry. His geometric studies occurred during
the earliest and latest stages of his academic career, with his early work focused upon
supplying geometry a more robust analytic background, and his later work focused upon
what is now known as line geometry.

Felix Klein (1849-1925) received his doctorate, supervised bghkar, in 1868. He then
proceeded to complete the second part atRér'sNeue Geometrie des Raumedich

had been left unfinished by iRiker’s death.

One product of their labors of interest in the area of visibility is known by a variety of
names, such as theileker quadric, or the Klein quadticand provides a six-dimensional
homogeneous representation for lines in three-dimensional projective geometry. This
representation is particularly useful as it combines naturally with homogeneous equations
for points and planes. More accurately, it is usually stated that thek@t (or Klein)

qguadric is an example of a Klein quadratic set, a term used to refer to any quadratic set in
five-dimensional projective space.

The Plicker quadric has been reinvented and renamed many times over the years and goes

by many other names in literature, including Grassmairiick®r coordinates, the
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Grassmannian, and the Grassmann manifgiéfter Hermann Grassmann (1809-1877),
the inventor of what is now known as exterior algebr&> '’ These distinctions are not
without merit; for instance, considering theiBker quadric as the manifofl? allows one

to bring to bear the tools of flerential geometry.

Eduard Study (1862-1930) derived what are now known as Study coordiimatae

progress of his research into straight lines in elliptic geometry. The Study representative
pair and coordinates described herein are an oriented variation of his original work and
arise naturally as the result of diagonalizing the quadratric form underlying iiokéd?|

guadric.

B.2 Present

There is a fairly active community usingiRker coordinates and their various

mathematical cousins, such as the screw coordinates that arise in robotics. Far too much is
going on or has gone before in the field to summarize here, so this list by necessity
describes the work of only a small sample.

Jorge Stolfi’'s work on oriented projective geometry has given computational geometry a
powerful set of tools for working with lines and oriented flats of arbitrary dimension. His
techniques demonstrate a good balance between the concerns of abstract mathematics and
practical programming. His work provides a theoretical basis for much of what is

developed here.

Marco Pellegrini is generally considered the expert in the computational complexity of
stabbing line algorithms and algorithms involving line complexes in general. He has a

wide array of papers covering almost all aspects of this fiéfd.

Seth Teller and Michael Hohmeyer published a number of papers usingitieP|

coordinates of lines to stab oriented polygons and calculate visiBilyTheir approach



73

to the stabbing line problem uses SVD decomposition to break apartiibkdPlquadratic
form. Teller's Ph.D. dissertatidhprovoked a great deal of interest in thé&&{er quadric

in the author’s social circle in particular.

Fredo Durand’s work uses a powerful data structure dubbed the visibility skéldtois.
structure is computed usingileker coordinates and, among other many other things,
provides a way to parameterize the “shaft” of extremal lines through a set of polygons.
More recently, Florent Duguthas provided a way to make the calculation of the

visibility skeleton more robust in the face of large numbers of coaxial hyperplanes and his

approach uses ttker coordinates heavily.
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Appendix C: Notation

The notation and terminology used throughout this thesis is culled from a wide array of
sources from the last 70 years. The notation has drifted considerably in that time, and
trying to present this material as a coherent whole with the emphasis shifted to using

linear algebra has resulted in some compromises.

C.1 Sources

We made a conscious decision to avoid using the convention of simply referring to a point
via a particular homogenous coordinate for it and to avoid referring to lines as rescaled
additions of homogeneous points as is common practice in works with a heavy projective
geometry componefitThis choice was made to avoid confusing the reader with a mixture
of cases in which we allowed and disallowed scalar multiples, to avoid confusion with the
meet and join operations and to emphasize that we are really only using linear algebra
underneath everything.

This has the benefit that many of the equations can be expressed in terms of conventional
vector operations without the profusion of strange special case symbols for geometric
operations with redundant meanings or ambiguous values syaiXpand (X|Y), which

are often used to stand for the signed distance from a point to a plane.

Some of this material could have been presented more generally in the context of Stolfi’s
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oriented projective geomett§;18but that is a rather large amount of supplementary
material with which to require familiarity and limiting our underlying structure to what we
construct here of oriented elliptic geometry renders these results (hopefully) more
accessible. In the interest of allowing the reader to progress through this material, the
definitions were chosen with compatibility in mind.

The choice of representation for posifiwegative orientation of flats was selected in line
with the very elegant representation for an oriented projective space designed by
Stolfi,**-*8which treats oriented flats as oriented great subspheres. Stolfi’'s work uses a
different order for RIcker line coordinates, which does not admit as elegant an
interpretation for the lines that are not at infinity and complicates the transformation we
use to Study coordinates. We do raid his work ffieetive terminology. For example, the
choice ofa™ anda" for complements mirrors his usage, as do the terms “vacuum” and
“universe.”

The terms Ricker ray coordinate andiRiker axial coordinate are taken from Graustein
p. 462. They are used primarily in the same context as that of Veblen’s notion of sense
classes fodoubly oriented lineseferenced in Coxetép. 33.

The use of to represent Ricker ray coordinates mimics current practiéé? The choice

of E for Plucker axial coordinates is chosen for symmetry in a manner similar to the
relations betweemp;; andP;; in Coxeter. This notation was chosen over that of Coxeter to
clarify meaning, since we use upper case names for points? @both a common point
name andP, is the point with homogeneous coordinateshat letter was accumulating

too many meanings.

The names for the mapping$() andn(¢) are taken from Pellegririt

The choice to refer to the matri%;() as the Rlicker coordinates rather than to the specific

contents of the vecta@ of six minor determinants that fully specifies; is a nod to the
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fact that the choice of components #rs arbitrary.

The terminology and notation for the Study representative pair are due to Cé¥ater.
more information see p. 150.

The choice oM f(/l) as a label of the parametrization ofieker coordinates was adapted
somewhat arbitrarily from an appendix in Duguet’s thésigich was the first source we
found that explicitly mentioned it.

Most of the terminology about geometries that is independent of the underlying vector

space is chosen to coincide with the definitions in Beutelspacher and Rosehbaum.
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