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What are Finger Trees?

} FingerTrees ar e a special form
anonoidally a nn ot a t 2Tde@ tha provide
fast access from the first and last leaves.

1 We call the first and last node in the tree the
Ofi ngerso of the tree, i
more rigorous shortly.




Why FingerTrees? Performance

Operation Amortized Bounds
Finger Tree Annotated 2 - 3 Tree List Vector
cons, snoc 0o(1) O(log n) O(1)/0( n) O(n)
viewl , viewr 0(1) O(log n) Oo(1)/O( n) 0(1)
measure/length o(1) o(1) o(n) 0O(1)
append O(l og mi))h(p O(log n) o(n) O(n+m))
split O(log min( n, - m) O(log n) O(n) o(1)
replicate O(log n) O(log n) O(n) O(n)
fromList , toList , reverse O(p)/ O(Rp)/ o(p) 0(1)/ O(1)/ O(n) o(n)
index O(logmin( n, - p O(log n) o(n) o(1)

FingerTrees are Fast!



Leafy and Traditional Binary Trees

} data Leafy a = Leafa | Fork (Tree a) (Tree a)
or

} data Treea =Tip | Bin (Tree a) a (Tree a)




Non-Empty Leafy Trees

} data Leafy a = Leaf a | Fork (Leafy a) (Leafy a)

1 Instance Functor Leafy where
Bfmap f (Leaf a) = Leaf (f a)
Bfmap f(Forklr)=Fork ( fmap fl) (fmap fr)

} Instance Monad Leafy where
Breturn = Leaf
BLeafa>>=f=fa
BFork I r>>=f=Fork (I >>=1) (r >>=1)

A Free Monad!



Possibly-Empty Leafy Trees

} data Leafy a = Leaf a | Fork (Leafy a) (Leafy a)
} data Tree a = Empty | Tree (Leafy a)

Instance Functor Tree ...
Instance Monad Tree ...




Traditional Trees

} data Treea =Tip | Bin (Tree a) a (Tree a)

} Instance Functor Tree where
fmap _Tip=Tip
fmap f(Binlar)=Bin( fmap fl)(fa) (fmap fr)

1 Instance Monad Tree where

return a=Bin Tip a Tip
Tip>>=_=Tip
Binlar>>=f=(I>>=f) +++ fa +++ (r >>=f)

(+++) .. Treea ->Treea ->Treea

A Rather More Expensive Monad



Traditional Trees (on Hackage)

} data Treea =Tip | Bin (Tree a) a (Tree a)
1 Lots of variations inthe  containers library

Bounded Balance:

} dataMapkv=Tip|Bin!l Int kv !(Mapkv) !(Map k v)
} data Setk=Tip|Bin!! Int 'k !(Set k) !(Set k)
PATRICIA Tries

1 data IntSet =Tip | Bin!! Int !IntSet !IntSet
1 data IntMap v=Tip | Bin!l Int v !(IntMap v) !(IntMap v)




Differences

} data Leafy a = Leafa | Fork (Tree a) (Tree a)
} data Treea =Tip | Bin (Tree a) a (Tree a)

Observations:
} Leafy trees are non - empty

} You have to plod all the way down to the
leaves to extract any values

1 They are a little easier to define as a monad




Similarities
data Nodeva=Tipa|Bin(Treeva)v (Treeva)

; Both are special cases!

type Leafy a = Node () a
type Tree a = Node a ()

v could be:
; a key that we use to walk the tree
1 a summary of the leaves below it

S




Similarities

data Tree va = Empty | Tree (Node v a)
data Node va =Tip a| Bin (Node v a) v (Node v a)

; Both are special cases!

type Leafy a = Node () a
type Tree a = Node a ()

v could be:

1 a key that we use to walk the tree
} a summary of the leaves below it




How To Get Values for v

» We have a few options for how we to build
trees.

1 The containers library rather adequately
covers most use cases that just store values
In the nodes.




Option 1: Annotated Trees as Monads

} data Tree va=Empty | Tree (Node v a)
} data Nodeva=Tipa|Bin(Nodeva)!v(Nodeva)

} Instance Functor (Node v) where
fmap f (Tip a) =Tip (fa)
fmap f(Binlvr)=Bin( fmap fl)v (fmap fr)

1 Instance Monad (Node v) where
return = Tip
Tipa>>=f=fa
Binlvr>>=1f=Bin (I>>=1f) v (r>>=f)

instance Functor (Treev) ...
instance Monad (Tree V) ...

A Free Monad!



Option 1: Annotated Trees as Monads

} data Tree va=Empty | Tree (Node v a)
} data Nodeva=Tipa|Bin(Nodeva)!v(Nodeva)

} Instance Functor (Node v) where
fmap f (Tip a) =Tip (fa)
fmap f(Binlvr)=Bin( fmap fl)v (fmap fr)

1 Instance Monad (Node v) where
return = Tip
Tipa>>=f=fa
Binlvr>>=f=Bin (I >>=1) v (r >>=1)

instance Functor (Treev) ...
instance Monad (Tree V) ...

Just Because Something Can Be a Monad
Doesn’t Mean It Should Be!




Option 1: Annotated Trees as Monads

} data Tree va=Empty | Tree (Node v a)
} data Nodeva=Tipa|Bin(Nodeva)!v(Nodeva)

}  This monad and our lack of balancing are rather closely tied.

} You candt bal ance the tree becaus
would change and the data is in the leaves.

1 So while that monad is free, you get what you paid for.

Just Because Something Can Be a Monad
Doesn’t Mean It Should Be!



Option 2: Monoidal Annotation

1 class Monoid m where
Bmempty ::m
Bmappend :m ->m ->m
Bmconcat ::[m] ->m
Bmconcat = foldr mappend mempty

(+) = mappend -- (<>)isgoinginto base'!

Laws:
e anempty -~ a=—a = mempty = a
€ a b +ch)+ d=ma + (b+c)
instance Monoid [] where ”e"c‘l’te{?\;"n gSI(2eShO§\I/Z|§q IIGLm)
mempty =] Ed,
mappend = (++)

instance Monoid Size where
mempty =0
mappend = (+)



Option 2: Monoidal Annotation

} data Treeva=Empty | Tree (Node v a)
} data Node va=Tip a| Bin (Node v a) v (Node v a)

} class Monoid v=>Measuredval|a ->vwhere
B measure::a ->vV

bin :: Measuredva=>Nodeva ->Nodeva ->Nodeva
binlr=Binl (measurel~ mappend " measurer)r

instance Measured v a => Measured v (Node v a) where
measure (Tip a) = measure a
measure (Bin _v _)=v

instance Measured v a => Measured v (Tree v a) where
measure Empty = mempty
measure (Tree t) = measure t




Trees as Monoids?

} data Tree va =Empty | Tree (Node v a)
} data Node va=Tip a|Bin (Node v a) 'v (Node v a)

} Iinstance Measured va=> Monoid (Tree v a) where
mempty = Empty
Empty " mappend r=r
|~ mappend = Empty = |
Tree |l mappend " Treer=hinlr




Trees as Monoids

} data Tree va =Empty | Tree (Node v a)
} data Node va=Tip a|Bin (Node v a) 'v (Node v a)

} Iinstance Measured va=> Monoid (Tree v a) where
mempty = Empty
Empty " mappend r=r
|~ mappend = Empty = |
Treel mappend Treer= bhinlr

We violate associativity ! (even after we add balancing)

We need to be careful what knowledge we expose of our structure.




Effective Mk Haskell

oMake 1 | | eupradresentabéet oe s
Yaron Minsky

http://ocaml.janestcapital.com/?q=node/75




Effective Mk Haskell

oMake 1 | | eupradresentabéet oe s
Yaron Minsky

Let 0s express more i1 nvari at

http://ocaml.janestcapital.com/?g=node/75




A Starting Point: Complete Trees

; data Complete a = Nil | a :> Complete (a, a)

Instance Functor Complete where
fmap _ Nil = Nil
fmap f(a:>as)=fa:> fmap (bothf)as where
bothf( a,b) =(fa, f b)

left .: Complete a - > Maybe (Complete a)
left = exercise




A Starting Point: Complete Trees

} data Complete a = Nil | a :> Complete (a, a)

Nil

1 :> Nil

2:>(1,3) > Nil

4 :>(2,6) > ((1,3),(5,7)) :> NIl




A Starting Point: Complete Trees

} data Complete a = Nil | a :> Complete (a, a)

Nil
1 :> Nil

2:>(1,3) > Nil l — R
4 :>(2,6) > ((1,3),(5,7)) :> Nil -\\

- r-




A Starting Point: Complete Trees




A Starting Point: Complete Trees

; data Complete a = Nil | a :> Complete (a, a)

Instance Functor Complete where
fmap _ Nil = Nil
fmap f(a:>as)=fa:> fmap (bothf)as where
both f ( a,b) = (fa, fb)

Instance Applicative Complete where

pure a =a :> Nil nad

Nil <*> = Nil

_ <*> Nil = Nil Mo
(f:> fs)<*>(a:>as)=fa:> exercise

jot *




Complete Leafy Trees

} data Square a=Zeroa| Succ (Square (a, a))

} Instance Functor Square where
Bfmap f(Zero a) = Zero (f a)
Bfmap f (Succ as) = Succ (fmap (both f) as)

iInstance Applicative Square where
pure = Zero ad
Zerof<*>a= fmap fa Mon
fs <*>Zeroa= fmap ($a) fs

Succ fs <*> Succ as = exercise

Not *



Complete Leafy Trees

} data Square a=Zeroa| Succ (Square (a, a))

} Instance Functor Square where
Bfmap f(Zero a) = Zero (f a)
Bfmap f (Succ as) = Succ (fmap (both f) as)

iInstance Applicative Square where
pure = Zero
Zerof<*>a= fmap fa
fs <*>Zeroa= fmap ($a) fs

Succ fs <*> Succ as = exercise

\ ‘
I ') Succ
-
\‘ t
x Suce | |

\ Zero



Complete Leafy Trees

} data Square a=Zeroa| Succ (Square (a, a))

-
= =




Naive 2-3 Trees

} data Treeva=
Tip a
| Bin (Treev a)v (Treeva)
| Tri(Treeva)v (Treeva)v (Treev a)

But again how do we know our tree is balanced?

Tip
BinTip 1 Tip
TriTiplTip 2 Tip

BinTipl(BinTip2BinTip3Tip))) o6-we dondt




Naive 2-3 Trees
ED | Bin
M= Te

EOLE

BinTipl(BinTip2BinTip3Tip))) o6-we dondt

p—

\Tip}

e



Safe (Traditional) 2-3 Trees

}
}
}
}
}

data Tipa=Tip
data Layer fa =Bin (fa) a (fa)
| Tri (fa) a (fa) a(f a)
data Natfa=Zero(fa)| Succ (Nat (Layer f) a)
newtype Tree a = Tree (Nat Tip a)

Tree (Zero Tip)

Tree (Succ (Zero (Bin Tip 1 Tip)))

Tree (Succ (Zero (Tri Tip 1 Tip 2 Tip)))

Tree (Succ (Succ (Zero (Bin (Bin Tip 1 Tip) 2 (Bin Tip 1 Tip)))))
As desired, BinTip 1 (BinTip 2 (BinTip 3Tip))) d o e s tygetheck !



Annotated 2-3 Trees

}
}
}
}
}
}

data Nodeva=Binlvaa|Trilva aa
data Natva=Zeroa| Succ (Natv (Nodev a)))
data Tree va = Empty | Tree (Nat v a)

Empty

Tree (Zero a)

Tree (Succ (Zero (Bin 2 a b)))

Tree (Succ (Zero (Tri3 a b c¢)))

Tree (Succ (Succ (Zero (Bin 4 (Bin 2 a b) (Bin 2 c d))))
Tree (Succ (Succ (Zero (Bin5 (Tri3abc) (Bin 2d e)))))




Annotated 2-3 Trees
m}

|
1

Succ i Nat Size a j

I Succ :: Nat Size (Node Size a) \

Zero :: Nat Size (Node Size (Node Size ) *\1

l‘ Bin :: Node Size (Node Size a) l

Tree (Succ (Succ (Zero (Bin6 (Tri3abc) (Tri3d ef))))



Annotated 2-3 Trees

} dataNodeva=Binlvaa|Trilva aa
} dataNatva=Zeroa| Succ (Natv (Nodeva)))
} data Tree va=Empty | Tree (Nat v a)




Annotated 2-3 Trees

newtype Elem a = Elem a

data Nodeva= Node2 lvaa| Node3 lvaaa
data Natva=Zeroa| Succ (Natv (Nodev a)))
data Treeva=Empty | Tree (Natv  (Elem a))

—— md md A

} This brings us into closer alignment with the notation in
the Hinze and Pater son papernewtypenis
useful to allow SPECIALIZE pragmas to fire
di scriminating between Nodeo0s
better optimization.




Intermission

1 Coming Up:

BDefining Fingers

BNeat Finger Trees

BHinze and Paterson Finger Trees
BApplications

BRopes




Whence Fingers?

Fingers predate their use by
. In fact they go back quite a ways:

D. Harel and G. Lueker. A Data Structure with
Movable Fingers and Deletions . T.R. 145,
Dept of ICS, University of California at Irvine,
1979.

They go back a couple years farther than that,
but | havenot tracked do



http://www.soi.city.ac.uk/~ross/papers/FingerTree.html
http://www.soi.city.ac.uk/~ross/papers/FingerTree.html
http://www.soi.city.ac.uk/~ross/papers/FingerTree.html
http://www.soi.city.ac.uk/~ross/papers/FingerTree.html

What are Fingers?

Finger are fast access points.

—

1+ A notable example with a single movable finger is a Zipper:

} data ListZipper a=LZ![a] [a]

} empty =LZ[][] - 0O(1)
1} Insert x (LZ path  xs) = LZ (path (x:xs)) -- 0(1)
1y adjust f (LZ path (x:xs)) = LZ (path (f x:xs)) -- 0(1)
1 delete (LZ path r) = LZ path (tail r) - 0(1)
1y left (LZ (x:path) xs) = LZ path (x:xs) -- 0(1)
1 right (LZ path (x:xs)) = LZ (x:path) XS -- 0(1)
} toList (LZ path xs) =reverse path ++  Xs -- 0O(n)

} fromList =LZ[] - 0O(1)




Finger Search Trees

y Fi nger Search Treedos were d
multiple such fast movable access points and a
number of operations.

1 In a transient imperative setting you can support an
unbounded number of fingers, and obtain even
nicer asymptotics .| |

} Splay trees provide the same O(log distance to
finger) bound as a one finger tree. | ]



http://www.cs.au.dk/~gerth/papers/jcss03.pdf
http://www.cs.au.dk/~gerth/papers/jcss03.pdf
http://www.cs.au.dk/~gerth/papers/jcss03.pdf
http://portal.acm.org/citation.cfm?id=100218&dl=GUIDE&coll=GUIDE&CFID=83429607&CFTOKEN=38598490

Imperative Fingers

Shamelessly stolen from a blog post reply by David Eppstein :

}

?mpty . an empty finger search tree. This doubles as a
inger.

find f x: find value x starting from finger f; return a finger
to x's location. f remains a valid finger.

delete f: delete the value pointed to by finger f, return a
finger to the element just larger than the one at f. fis
no longer a valid finger.

insert fXx: insert a value x to the right of finger f, returning
a finger pointing at x. f remains a valid finger.




BAnnotated 2 - 3 Trees make a half - way decent general
purpose data structure once you get good at picking
monoids , but you pick up an unfortunately logarithmic
factor on most accesses.

BThe left - and right - most nodes Iin a tree do a lot of work
when trying to use atree asa  deque

BH&POs first 1 dea: | et the wuser
juggling multiple trees as log as you have a tree that
supports a finger to its left - and right - most nodes, and

we can implement that functionally.

BH&POs second i1 dea: You can f i x
Issues by allowing a bit of slop on the edges.




