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Categories

·Categories have objects and arrows

·Every object has an identity arrow

·Arrow composition is associative
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·Hask is a category with types as objects 

and functions between those types as 

arrows.



Categories in Haskell

·In Control.Category (GHC 6.10+):
import Prelude hiding (id,(.))
class Category ()χ where

id :: a χ a
(.) :: (b χ c) Ÿ (a χ b) Ÿ (a χ c)



Categories in Haskell

import Prelude hiding (id,(.))
class Category ()χ where

id :: a χ a
(.) :: (b χ c) Ÿ (a χ b) Ÿ (a χ c)

instance Category (Ÿ) where
id x = x
(f . g) x = f (g x)



Categories in Haskell

class Category ()χ where
id :: a χ a
(.) :: (b χ c) Ÿ (a χ b) Ÿ (a χ c)

The dual category Cop of a category C has 
arrows in the opposite direction.

data Dual k a b = Dual (k b a)
instance Category ()χ => Category (Dual ()χ)where

id = Dual id
Dual f . Dual g = Dual (g . f)



Functors

·Let C and D be categories

·A functor F from C to D maps

Ɓobjects of C onto objects of D

Ɓarrows of C onto arrows of D

while preserving the identity morphisms

and composition of morphisms:

F (idX) = idF(X)

F (g . F) = F g . F f



Functorsin Haskell

class Functorf where
fmap:: (a Ÿ b) Ÿ f a Ÿ f b

requiring the following two laws:
1.) fmapid = id
2.) fmap(g . f) = fmapg . fmapf
Note that (2) above follows as a free theorem from the type 

of fmap, so you only need to check (1)!
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type (χ) = (Ÿ)
class Functorf where

fmap:: (a χ b) Ÿ (f a χ f b)

requiring the following two laws:
1.) fmapid = id
2.) fmap(g . f) = fmapg . fmapf
Note that (2) above follows as a free theorem from the type 

of fmap, so you only need to check (1)!



Functorsin Haskell

type (χ) = (Ÿ)
class Functorf where

fmap:: (a χ b) Ÿ (f a χ f b)
·Ignores the object mapping and  focuses 

on arrows



Cofunctor = Functor

type (χ) = (Ÿ)
class Functorf where

fmap:: (a χ b) Ÿ (f a χ f b)
class Cofunctorf where

cofmap:: (b χ a) Ÿ (f b χ f a)

Itõs the same thing!



Cofunctor /= ContravariantFunctor

type (χ) = (Ÿ)
class Functorf where

fmap:: (a χ b) Ÿ (f a χ f b)
class Cofunctorf where

cofmap:: (b χ a) Ÿ (f b χ f a)
class ContravariantFunctorf where

contrafmap:: (b χ a) Ÿ (f aᵪf b)
Nothing said arrows had to point the same way!



Example: ContravariantFunctor
class ContravariantFunctorf where

contrafmap:: (b Ÿ a) Ÿ f a Ÿ f b

newtypeTest a = Test { runTest:: a -> Bool}
instance ContravariantFunctorTest where

contrafmapf (Test g) = Test (g . f)

isZero:: Test Int
isZero= Test (==0)

isEmpty:: Test [a]
isEmpty= contrafmaplength isZero

result :: Bool
result = runTestisEmpty«Hello¬



Functorsin Haskell Redux

type (χ) = (Ÿ)
class Functorf where

fmap:: (a χ b) Ÿ (f a χ f b)
·Ignores the object mapping and  focuses 

on arrows

·Models only covariant Hask

endofunctors!



Functorsin category-extras
class Functorf where

fmap:: (a Ÿ b) Ÿ f a Ÿ f b

class (Category ()χ, Category (ᵫ)) => 
Functor³ f ()χ (ᵫ) | f (χ ) Ÿ (ᵫ), f (ᵫ) Ÿ (χ ) where
fmap³ :: (a ᵪb) Ÿ (f a ᵫf b)

Now contravariantendofunctorsfrom C are 
just functorsfrom Cop.

See Control.Functor.Categorical



Functorsin category-extras

·As an aside if you prefer type familiesé

class (Category (Dom f),  Category (Cod f)) => Functor³ f 
where

type Dom f :: * Ÿ * Ÿ *
type Cod f :: * Ÿ * Ÿ *
fmap³ :: Dom f a b ŸCod f (f a) (f b)



Monads in Haskell

class Monad m where
return :: a Ÿm a
(>>=) :: m a Ÿ (a Ÿm b) Ÿm b

and some laws weõll revisit later:

1.) return a >>= f = f a
2.) m >>= return = m
3.) (m >>= f) >>= g = m >>= (\x -> f x >>= g)



Monads in Haskell

class Monad m where
return :: a Ÿm a
(>>=) :: m a Ÿ (a Ÿm b) Ÿm b

Seems rather object-centric!
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Monads in Haskell

class Monad m where
return :: a Ÿm a
(>>=) :: m a Ÿ (a Ÿm b) Ÿm b

class Category ()χ=> Monadª m ()χ where
return :: a ᵪm a
(=<<) :: (a ᵪm b) Ÿ (m a χ m b)


